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The variational problem for geodesics

Let M be an N-dimensional smooth embedded submanifold of RY.
Let c € C1 ([0, T]; M) be a C* curve on M. Let py, p» € M be two
distinct points on M. We suppose that the curve begins at p; and
ends at p,, which translates to

c(0) =p1 and c(T) = po.

The length of the curve is

L(c) ;:/0 (8] dt.

Our aim is to find a curve connecting p; and po which has the
shortest length.

Introduction to the
Calculus of Variations

Swarnendu Sil

Geodesics: the problem

tinuity: first
h Sobolev




Geodesic: setting of the problem it (@ do

Calculus of Variations

Swarnendu Sil

The variational problem for geodesics

Let M be an N-dimensional smooth embedded submanifold of RY.  ewee e ptlen
Let c € C1 ([0, T]; M) be a C* curve on M. Let py, p» € M be two o wih Sl
distinct points on M. We suppose that the curve begins at p; and

ends at p,, which translates to

c(0) =p1 and c(T) = po.
The length of the curve is
-
L(c) = / (8] dt.
0
Our aim is to find a curve connecting p; and po which has the

shortest length.

So our first try for the variational problem is



Geodesic: setting of the problem

The variational problem for geodesics

Let M be an N-dimensional smooth embedded submanifold of RY.
Let c € C1([0, T]; M) be a C! curve on M. Let p;, p» € M be two
distinct points on M. We suppose that the curve begins at p; and
ends at p,, which translates to

c(0) =p1 and c(T) = po.
The length of the curve is
-
L(c) = / (8] dt.
0
Our aim is to find a curve connecting p; and po which has the

shortest length.

So our first try for the variational problem is

Introduction to the
Calculus of Variations

Swarnendu Sil

inf {L(c):ce C'([0, T};RY),c(0) = p1,c(T) = po.} = m.




Geodesic: setting of the problem

But clearly this can not be the variational problem.

Introduction to the
Calculus of Variations

Swarnendu Sil

Geodesics: the problem

Regularity questions



Geodesic: setting of the problem

But clearly this can not be the variational problem. It has no
reference to M whatsoever!

Introduction to the
Calculus of Variations

Swarnendu Sil

Geodesics: the problem

Absolute continuity: first
er with Sobolev




Geodesic: setting of the problem e e

Calculus of Variations

Swarnendu Sil

But clearly this can not be the variational problem. It has no
reference to M whatsoever! In fact, we already know the solution
to the above variational problem

Geodesics: the problem

Absolute continuity: first




Geodesic: setting of the problem Introduction to the

Calculus of Variations

Swarnendu Sil

But clearly this can not be the variational problem. It has no

reference to M whatsoever! In fact, we already know the solution e e
to the above variational problem ( though it is quite tricky proving
it this way! ).

ncounter with Sobolev
spa
Existence of geodesics
Regular



Introduction to the
Calculus of Variations

Geodesic: setting of the problem

Swarnendu Sil

But clearly this can not be the variational problem. It has no

. Geodesics: the problem
reference to M whatsoever! In fact, we already know the solution oo ot e
to the above variational problem ( though it is quite tricky proving E
it this way! ). The straight line in RY joining the points p; and p»
is the unique path of shortest length.

spa
Existence of geodesics
Regular



Introduction to the

Geodesic: setting of the problem Calulus of Variations

Swarnendu Sil

But clearly this can not be the variational problem. It has no

. Geodesics: the problem
reference to M whatsoever! In fact, we already know the solution
to the above variational problem ( though it is quite tricky proving w
it this way! ). The straight line in RY joining the points p; and p»
is the unique path of shortest length. This path has no reason to
lie in M.



Introduction to the

Geodesic: setting of the problem Calulus of Variations

Swarnendu Sil

But clearly this can not be the variational problem. It has no :
reference to M whatsoever! In fact, we already know the solution R
to the above variational problem ( though it is quite tricky proving S
it this way! ). The straight line in RY joining the points p; and p»
is the unique path of shortest length. This path has no reason to
lie in M. ( Think of M as the N-sphere SN in RV*1.)

i
spa
Existence of geodesic
Regt



Geodesic: setting of the problem o e

Calculus of Variations

Swarnendu Sil

But clearly this can not be the variational problem. It has no :
reference to M whatsoever! In fact, we already know the solution R
to the above variational problem ( though it is quite tricky proving
it this way! ). The straight line in RY joining the points p; and p»
is the unique path of shortest length. This path has no reason to
lie in M. ( Think of M as the N-sphere SN in RV*1.)

Now there are two ways we can bring M into the picture.

ounter with Sobolev

i
spa
Existence of geodesic
Regt



Introduction to the
Calculus of Variations

Geodesic: setting of the problem

Swarnendu Sil

But clearly this can not be the variational problem. It has no :
reference to M whatsoever! In fact, we already know the solution R
to the above variational problem ( though it is quite tricky proving
it this way! ). The straight line in RY joining the points p; and p»
is the unique path of shortest length. This path has no reason to
lie in M. ( Think of M as the N-sphere SN in RV*1.)

Now there are two ways we can bring M into the picture. One is if
M is given by some equations

ounter with Sobolev

i
spa
Existence of geodesic
Regt

M={xeR?:G,(x)=0 foralla € I},



Introduction to the

Geodesic: setting of the problem Calulus of Variations

Swarnendu Sil

But clearly this can not be the variational problem. It has no :
reference to M whatsoever! In fact, we already know the solution R
to the above variational problem ( though it is quite tricky proving S
it this way! ). The straight line in RY joining the points p; and p»
is the unique path of shortest length. This path has no reason to
lie in M. ( Think of M as the N-sphere SN in RV*1.)

Now there are two ways we can bring M into the picture. One is if
M is given by some equations

i
spa
Existence of geodesic
Regt

M={xeR?:G,(x)=0 foralla € I},

then we can treat this as a variational problem with additional
constraints
Go (c(t))=0 for all a € 7.



Introduction to the

Geodesic: setting of the problem Calulus of Variations

Swarnendu Sil

But clearly this can not be the variational problem. It has no :
reference to M whatsoever! In fact, we already know the solution s
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it this way! ). The straight line in RY joining the points p; and p»
is the unique path of shortest length. This path has no reason to
lie in M. ( Think of M as the N-sphere SN in RV*1.)

Now there are two ways we can bring M into the picture. One is if
M is given by some equations

o
Existence of geodesic
Regu

M={xeR?:G,(x)=0 foralla € I},

then we can treat this as a variational problem with additional
constraints
Go (c(t))=0 for all a € 7.

However, here we shall not take this path and instead introduce
local charts in M.
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Local charts
Let p € M. A local chart around p is a map
f:UcCRN = V CRY such that

» U,V are open sets in the respective Euclidean spaces,
> f(U)y=MnYV,

» pef(U)and

> f is a smooth diffeomorphism onto its image.
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> U,V are open sets in the respective Euclidean spaces,
> f(U)y=MnYV,

» pef(U)and

» f{ is a smooth diffeomorphism onto its image.

Now since f is a diffeomorphism, for any curve ¢ (t) which is
contained inside a single chart, i.e. ¢ ([0, T]) C f (U), there exists
a curve v in U such that

c(t) =f(v(t) for every t € [0, T].
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Let p € M. A local chart around p is a map
f:UcCRN = V CRY such that

> U,V are open sets in the respective Euclidean spaces,
> f(U)y=MnYV,

» pef(U)and

» f{ is a smooth diffeomorphism onto its image.

Now since f is a diffeomorphism, for any curve ¢ (t) which is
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Here we used the Einstein summation convention
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Length and the Metric tensor

co(t) = (Z; (v(£)) 7 (t) forevery 1 <a < d.

Here we used the Einstein summation convention ( i.e. repeated
index, here i/, is to be summed over, here from 1 to N ).
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Length and the Metric tensor

co(t) = %; (v(£)) 7 (t) forevery 1 <a < d.

Here we used the Einstein summation convention ( i.e. repeated
index, here i, is to be summed over, here from 1 to N ). Thus

L= ' (5 Gni0 5 <~,/<t)>~,7f(r))é dt
T . . 3
~ [ (a6 (v ©)
0
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This is just the first problem we wrote down today.
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Now we see one of the first difficulties. We obtained an uniform
bound for the L1 norm of the derivatives and not the C° norm of
the derivatives.
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variational problem s ot

Absolute continuity: first
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ceX

-
inf E(c):/o & ()] dtp = m,

where

X={ce ([0, T;RY) : c(0) = p1,c(T) = p2} .

Arguing as before, for a minimizing sequence {¢,}, we now have

E(c) = llc o,y < m+1.

But this time we have a control of the L2 norm of the derivatives
instead of the L! norm.
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But integrating by parts, we obtain

/OT<C;,¢> ——/0T<w>. ()

By convergence of ¢, to ¢ in C°, the RHS above converges to
y g g

/OT<CU,1/J>%/OT<C,¢>.

So, using this and (1) and (2) and (3), we deduce

/OT<V,1/J> —/OT<C777/.1> for any ¢ € C*° ([O7 T];Rd).

v certainly looks way too much like ¢!! Indeed, if we knew c is
C1, the above formula would indeed tell us v = ¢ using integration
by parts and the fundamental lemma of calculus of variations.
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Definition (weak derivatives)
Let u € L' ([0, T|; R?) . We say u has a weak derivative if there
exists a function v € [ ([0, T]; RY) such that

/OT(v,w):—/OT<u,1L> for any ¢ € C2° ([0, T];RY).
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