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Branching Random Walks
(Tails of the progeny and displacement random variables)
Key Question: How do these two tails affect BRW?

We will try to answer the question in a special case.
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What is a “Branching Random Walk" ?

@ Rougly speaking, a branching random walk is a growing collection of
particles (or organisms) which starts from a single particle, branch
and spread independently of their positions and of the other particles.

@ This is a toy model: (a) no interaction between the particles, (b)
particles can cross each other without colliding.

@ Question: What is the long run configuration of the positions of
particles?

@ This model was introduced by Hammerseley (1974), Kingman (1975)
and Biggins (1976).
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The dynamics

@ Start with a single particle, Root, at the
origin at time t = 0.

@ The particle at time ¢ = 1 branches into
a random number of particles following
the Progeny Distribution and each new
particle makes a random displacement
on R independent of the others (and of
the branching), following the
Displacement Distribution.

@ Each particle at time £ = 2 now splits
and moves in the similar fashion as the
root, independent of the others.

@ This dynamics goes on.
o We get a BRW.
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The snapshot
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of particles at each time t € N.
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Tree representation
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displacement (from parent) position = total displacement from origin
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Why is it important?

@ Branching random walks appear in many contexts ranging from
bio-mathematics to statistical physics.

@ It can be used to describe how a growing population invades a new
environment. The power law displacements may naturally arise in
ecology (Lévy flights), for example.

@ In our rather simplified model, we only allow the particles to move
along a single ray.

@ More complicated models can also be considered where particles
move in a plane or in a box.

@ For the purpose of this talk, we shall restrict ourselves to the simple
model and study long run configuration of the positions of particles.
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Connections

Connected to various models in probability theory / statistical physics:

e Gaussian multiplicative chaos: Rhodes and Vargas (2014),

Mandelbrot's multiplicative cascades: Dey and Waymire (2015),

Log-correlated Gaussian fields: Ding, Roy and Zeitouni (2017),
e Cover time of simple random walk: Belius and Kistler (2017),

o Gaussian free fields: Biskup and Louidor (2016, 2018).
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Connected to various models in probability theory / statistical physics:

e Gaussian multiplicative chaos: Rhodes and Vargas (2014),

Mandelbrot's multiplicative cascades: Dey and Waymire (2015),

Log-correlated Gaussian fields: Ding, Roy and Zeitouni (2017),
e Cover time of simple random walk: Belius and Kistler (2017),

o Gaussian free fields: Biskup and Louidor (2016, 2018).

See Shi (2015): Google “Zhan Shi + branching random walk notes”
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Two simplifying assumptions

@ We will assume for simplicity that each particle in the system
branches into two particles. In other words, we will focus on the
binary branching random walk.

@ We will also assume that the displacements are i.i.d. positive random
variables following a power law distribution:

P(D > zx)~cx™

as & — oo. (Such models arise in ecology: Lévy flights.)
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Important question

How does the system look in the long run?
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Important question

How does the system look in the long run?

How fast does the system of particles grow as time goes to infinity and
what is its scaling limit?

11/33



A more precise question

Note that at time n, there are 2" many particles.
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Figure: At timen=3
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Answer to the question

R, := position of the rightmost particle at time n.

R?l

68 (S —) = S S

Figure: At time n =3

Question: How fast does R,, grow as n — oo?

Durrett (1979, 1983): Ry, = Op(2"/) (in fact, he showed that 5%
converges in law to a positive random variable).

] 14/33



A few more questions

Rff) := position of the 2" rightmost particle at time n.
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Figure: At time n =3
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Figure: At time n =3

Question: How fast does R,(f) grow as n — oo?
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A few more questions

Rff) := position of the 2" rightmost particle at time n.

Rn
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=
R ——— L

Figure: At time n =3

Question: How fast does R,(f) grow as n — oco? How about
G, =R, - Rg) (the first gap statistic)?
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A few more questions

Rn

68 8 — i o —

=
R —— L

Figure: At time n =3

Question: How fast does R,(f) grow as n - co? How about G,, (the first
gap statistic)?

The entire system (and hence each order and gap statistic) = O, (2"/%).

) _ rR® &
Question: Weak limts of =, 2, etc?
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How to solve these problems?

e Method 1: Brute force method (Neither elegant nor efficient - we
have to attack each problem separately.)

@ Method 2: Point process technique (a master key for all the locks.)

We shall see a glimpse of Method 2 in this talk.

we shall happily
sweep all technicalities under the carpet.
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Figure: In this case, Ny, , =5

Ny, := number of particles at time n further than ol away from origin.
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5 .
coonleg

Figure: In this case, Ny, , =5

Ny, := number of particles at time n further than ol away from origin.
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What is this master key?

Fix z > 0.

Since the entire system = 0, (2"/%), look at the following sequence (of
random variables) as n € N:

5 .
coonleg

Figure: In this case, Ny, , =5
Ny, := number of particles at time n further than ol away from origin.

Clearly each N,, , is a discrete random variable (taking values in the set
{0,1,...,2™}).

Question: For each = >0, can we find the weak limit of IV,, ; as n — o0o?
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Fix x > 0. For each n € N, define

Ny = number of particles at time n further than 2% away from origin.

. 2173



Why is this a master key?
Fix x > 0. For each n € N, define

Ny = number of particles at time n further than 2% away from origin.

d
Assume: For each >0, Ny, ; —> N, as 1 — oo.

. 2173
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Fix x > 0. For each n € N, define

Ny = number of particles at time n further than 2% away from origin.

d
Assume: For each >0, Ny, ; —> N, as 1 — oo.
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Figure: In this case, N,, , =0
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Why is this a master key?
Fix x > 0. For each n € N, define

Ny = number of particles at time n further than 2% away from origin.

d
Assume: For each >0, Ny, ; —> N, as 1 — oo.

onfogy —

Figure: In this case, N,, , =0

Then for each z > 0,

P(2™°R,, < z) = P(R, < 2"°z)
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Why is this a master key?
Fix x > 0. For each n € N, define

Ny = number of particles at time n further than 2% away from origin.

d
Assume: For each >0, Ny, ; —> N, as 1 — oo.

onfogy —

Figure: In this case, N,, , =0

Then for each z > 0,

P(2 R, < 7) = P(R, < 2"*%) = P(Np o = 0)
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Why is this a master key?
Fix x > 0. For each n € N, define

Ny = number of particles at time n further than 2% away from origin.

d
Assume: For each >0, Ny, ; —> N, as 1 — oo.

onfogy —

Figure: In this case, N,, , =0
Then for each z > 0,
]P)(Q_n/aRn <z)=P(R, < 2n/a$) =P(Npz =0) — P(Neo,z = 0)

as n —> 00.
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Why is this a master key?

Ny, z = number of particles at time n further than on/oy, away from origin.

d
Assume: For each >0, Ny, ; —> N o as 1 — oo.

onfogy —

Then for each x > 0,
P2*RP <) =P(RP <2"%z) = P(Npy=0)+P(N,.=1)
— P(Newz=0)+P(Neop=1)

as n —> 00.

onfo
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The main result

g — o e e e

coonfog

Theorem (Bhattacharya, Hazra and R. (2017))

Fix x > 0. Define, for all n>1, N, , = number of particles at time n
further than 2™%g away from origin. Then as n — oo,

d
Nn,w = Noo,x:
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The main result

OC Ll
coonfog

®
®

Theorem (Bhattacharya, Hazra and R. (2017))

Fix x > 0. Define, for all n>1, N, , = number of particles at time n
further than 2™%g away from origin. Then as n — oo,

d
Nn,w = Noo,x:

where

P
Noo oz = § 27,
i=1

where G1,Ga, ... " Geo(1/2) (N U {0}-valued), P, ~ Poi(z~®), and all
of these random variables are independent.
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Description of the limit

The weak limit looks like

o G1,Ga, ... ¥ Geo(1/2) with P(G1 = m) = 5k for all m e Nu {0},

o P, ~ Poi(z™®) with P(P, =1) = ¢ " for all l e NuU {0}, and

@ all of these random variables are independent.
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Description of the limit

The weak limit looks like »

o G1,Ga, ... ¥ Geo(1/2) with P(G1 = m) = 5k for all m e Nu {0},
o P, ~ Poi(z™®) with P(P, =1) = ¢ " for all l e NuU {0}, and
@ all of these random variables are independent.

0
When P, =0, then No , = ZQGi =0,

i=1

1
when P, =1, then Ny ; = Z2Gi = 2G1,
i=1

2
when P, =2, then N, = Z2Gi =201 4 2G2, and so on.

i=1
]
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Corollary
For all x >0,

(i)  lim IP’( fn < x) =e® " (Durrett (1979, 1983)).
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Exercise problems

Corollary
For all x >0,

(i)  lim IP’( fn < x) =e® " (Durrett (1979, 1983)).

N—>00 onfa

(2)
(77)  lim ]P’(?n} < :U) =e ™" (1 + %:L'_O‘)
n—o00 n/o

(Bhattacharya, Hazra and R. (2017)).
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Exercise

For each x > 0, find the following asymptotic distribution functions:

(3)
o hmP(R/a :1;)

R
(2] 7%1_1:{)10]}”(2 T _:U).
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For each x > 0, find the following asymptotic distribution functions:
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More problems

Rﬁk) := position of the k" rightmost particle at time n.

Exercise

For each x > 0, find the following asymptotic distribution functions:
(3)
QO limP ( L :1:)
n—00 nja =

R
(2] 7}13)10]?(2 T _:U).

Food for thought: What happens for a general k € N7 Partitions of k
become important.
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Figure: In this case, n =4

@ Each vertex denotes a particle.
o Each edge is identified with the vertex (= particle) below.

@ Attach (iid power law) displacment on each edge (= particle).
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Figure: In this case, n =4

Each vertex denotes a particle.
Each edge is identified with the vertex (= particle) below.

Attach (iid power law) displacment on each edge (= particle).

Position of a particle = position of its parent —+ its own displacement
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Tree representation revisted

rc:tc‘)t N
(X‘ N ogens
)

Figure: In this case, n =4

Each vertex denotes a particle.
Each edge is identified with the vertex (= particle) below.

Attach (iid power law) displacment on each edge (= particle).

Position of a particle = position of its parent —+ its own displacement
= sum of displacements on the unique
path from the root

. .
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Heuristics

. . d .
@ Why Poisson? Because Bin(n,p,) — Poi(\) whenever np,, — A.

@ Why geometric? Run the binary tree up to n generations and
choose an edge at random. Let L,, be the number of descendants of
the chosen edge in the n' generation.

n gens

Figure: In this case, n=4 and L,, =4
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Heuristics

d
@ Why Poisson? Because Bin(n,p,) — Poi(\) whenever np,, — A.

@ Why geometric? Run the binary tree up to n generations and
choose an edge at random. Let L,, be the number of descendants of
the chosen edge in the n' generation.

n gens

Figure: In this case, n=4 and L,, =4

Easy Exercise: L, -, 2¢, where G ~ Geo(1/2) (N U {0}-valued).
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A few remarks

o If each particle produces m offsprings, then each 2% in the limit will
be replaced by m%:.
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Asymptotics of gap statistics have been investigated answering a
question of Schehr (2015) (personal communication).
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A few remarks
o If each particle produces m offsprings, then each 2% in the limit will
be replaced by m%:.

@ If branching happens according to a supercritical Galton-Watson
process with finite progeny mean € (1,00) (independent of
displacements), then each 2% will be replaced by p%:.

@ The displacements need not be positive.

@ Asymptotics of gap statistics have been investigated answering a
question of Schehr (2015) (personal communication).

@ Two conjectures of Brunet and Derrida (2011) have been verified
linking our work with the pioneering paper of Davydov, Molchanov
and Zuyev (2008).
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A few remarks

o If each particle produces m offsprings, then each 2% in the limit will
be replaced by m%:.

@ If branching happens according to a supercritical Galton-Watson
process with finite progeny mean € (1,00) (independent of
displacements), then each 2% will be replaced by p%:.

@ The displacements need not be positive.

@ Asymptotics of gap statistics have been investigated answering a
question of Schehr (2015) (personal communication).

@ Two conjectures of Brunet and Derrida (2011) have been verified
linking our work with the pioneering paper of Davydov, Molchanov
and Zuyev (2008).

@ We have extended this work to dependent displacements setup
, multi-type case and branching with
infinite progeny mean.
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Open problems / future directions

@ What happens if we allow interactions between particles?
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@ What happens if we allow interactions between particles?

@ Find the explicit form of No , when the displacements are light-tailed
(Madaule (2017) just showed the existence of these limits).
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Open problems / future directions

@ What happens if we allow interactions between particles?

@ Find the explicit form of No , when the displacements are light-tailed
(Madaule (2017) just showed the existence of these limits).

@ Statistical inference for branching random walks.
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