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Abstract

e N1l-Coxeter algebras are associated graded algebras of
real reflection groups.

e Motivated by complex reflection groups — and a prob-
lem of Coxeter (1957) — we define generalized nil-
Coxeter algebras, where

(a) the braid relations continue to hold; and
(b) the nilpotence degree 1s allowed to vary.
e We first obtain a new finite-dimensional ‘Type A’ fam-

ily of such algebras — called NC4(n, d) — and study its
properties.

e We then classity all finite-dimensional generalized nil-
Coxeter algebras:

(a) These include the usual nil-Coxeter algebras over
finite Coxeter groups.

(b) The only other finite-dimensional cases are the fam-
ily NCy(n,d).

Usual and generalized
nil-Coxeter algebras

k 1s any unital commutative ground ring.

Nil-Coxeter algebras over real reflection groups

Definition 1. Given a finite index set I, a Coxeter matrix 18 My
such that mij = My c 77V 1 {oo} for i # 7. Th.e corresponding
braid monoid 5, has generators 7;, 7 € I, and relations

T’iTjTi e = T]TZT] e Vi=#£g€el.

m;; times m;; times

This defines three k-algebras:

1. The Coxeter group algebra kW (M), where W (M) is the real re-
flection group B/ (TZ-2 — 1, Vi).

2. The 0-Hecke algebra H<§BM/(TZ-2 —T;, V).
3. The nil-Coxeter algebra NC; :=kB;/ (TZ-Q, Vi).

Figure 1: The ‘usual’ Type A5 nil-Coxeter algebra

Generic Hecke algebras encompass all of these families:
Ent = kB /(T7 — aiT; — by),

(where a;, b; are scalars), and the associated graded algebra is NCy.

Fact: £, is a flat deformation of NC'y;:

dim &y = dim NCyy = |[W(M)].

...and over complex reflection groups

To every complex reflection group W are associated:

1. a generalized braid group/monoid Byy;

2. a presentation ‘a la Coxeter’: braid relations and
order relations 1’ Z-di =1, 1€ 1.

3. generic Hecke algebras &y

What are the associated graded algebras of these algebras?

Definition 2. Suppose W is:
e a (finite or infinite) discrete real/complex reflection group W,
e with a finite generating set of real/complex reflections {7 : i € I}.

Given an integer tuple d := {d; > 2, Vi € I}, define the
generalized nil-Coxeter algebra (for this data) to be

NCyw(d) := k(T; : ¢ € I) / ( braid relns; Tz-di =0, Vi ).

Questions: Suppose W is a finite complex reflection group, and k
is a field of characteristic zero. Then dim &y = |W| by the Broué—
Malle—Rouquier Freeness Conjecture.

1. Are generic Hecke algebras &1y (or the group algebra k1) flat de-
formations of NCYy/(d) for suitable d? (Or for any d?)

2. Taking a step back: Are the algebras N/ (d) finite-dimensional
for some (any) d? (Marin recently obtained some negative results.)

Main question

More generally (than above): Classify the real/complex reflection
groups W and integer vectors d such that N CYy/(d) is finite-dimensional.

1. Real groups: Only known examples: ‘usual’ nil-Coxeter algebras
NCw((2,2,...,2)).

2. Complex groups: No examples known.

A new finite-dimensional
(type A) family: NC 4(n, d)

We first study generalized nil-Coxeter algebras of type A, motivated
by the following classical work of Coxeter:

Let W, 4 be the quotient of the Artin braid group on n — 1 generators,
by Tz-d = 1foralli=1,...,n—1. Whenis W, ;a finite group?

Theorem 3 (Coxeter, Proc. Canad. Math. Cong., 1957)

The “generalized Coxeter group” W,, ; 1s finite it and only if % +

Lo /1 1 1\ pl
> 5, 1n which case the group has size - + 775

S

nn_l )

Note that the corresponding generalized nil-Coxeter algebras
NCg ((d,d,...,d)) are not finite-dimensional, unless d = 2 and we
have the ‘usual’ Type A nil-Coxeter algebras.

The following ‘correctly’ parallels Coxeter’s construction, and 1s the
first ‘non-usual’ example of a finite-dimensional nil-Coxeter algebra:

Theorem 10 (Khare, [1], 2018)

For integers n > 1 and d > 2, define the k-algebra

NCy(n,d) .= NCg . ((2,...,2,d)). (5)
Thus, NC'4(n, d) has generators 77, . . ., Tp,, with relations:
1154115 = Tip1 Ly 41, V0 <i<mn; (6)
TZ'T]’ = TjTia \Y |Z — ]| > 1; (7)
2 2 d

Moreover, NC'y(n, d) has a Coxeter word basis of n!(1+n(d—1))
generators

T’UM w € S?’La
TwTF T, Ty Top1 Ty w € Sy, k€ [1,d—1], m € [1,n].

Example 9. NCy(1,d) = k[T1]/(T{), while NC4(2, d) is below:

1 2

Figure 2: The nil-Coxeter algebra NC 4(2,d), withd' = d — 1

Further properties of NC 4(n, d)

The algebras NC'y(n, d) resemble the ‘usual’ Type A nil-Coxeter al-
gebras 1n several ways:

Theorem 9 (Khare, [[1]], 2018)

Fix integers n > 1 and d > 2.

1. The algebra NC 4(n, d) has a length function that restricts to the
usual length function £ . on the ‘usual nil-Coxeter’ subalge-
bra generated by 77, ...,7,,_1; and

UTWTyTy—1 - Tm) =g, (W) +k+n—m,  (10)

forall w € Sy, k € [1,d — 1], and m € |1, n].
2. There 1s a unique longest word TwéTg_lTn_l - -1 of length

Zn,d = gAn—l(wé> +d+n—2.

3. The algebra NC'4(n, d) is local, with unique maximal (augmen-
tation) ideal m generated by 77, ..., 7). Moreover, mlthd =0

Thus there 1s a variant of the Coxeter word length, as well as a unique
longest word. As an immediate consequence, one computes the Hilbert
polynomial of the graded algebra NC'4(n, d):

Corollary 11 (Khare, [[1]], 2018)

If T,...,T, all have degree 1, then NC4(n,d) has Hilbert—

Poincaré series
gl (1+[n)g [d=1)g), where ]y :== ==, [n], := [l

q—1 e

Classification of finite-dimensional
generalized nil-Coxeter algebras

Classification results in Coxeter-type settings are ubiquitous:

e Weyl, Coxeter, and complex reflection groups;

e Finite type quivers;

e McKay-Slodowy correspondence;

e simple Lie algebras;

e finite-dimensional Nichols algebras / pointed Hopf algebras;

e finite “‘generalized Coxeter groups” (Coxeter 1957; Koster PhD
thesis 1975). ..

The next result classifies all finite-dimensional generalized nil-Coxeter
algebras: the first ‘non-usual’ examples NC'4(n, d) are the only ones!

Theorem 12 (Khare, [1]], 2018)

Suppose W 1s any irreducible discrete real or complex reflection
group (finite or infinite), and d € (Zx»)! is any integer vector.
Then NCYyy/(d) is finite-dimensional (i.e., a finitely generated k-
module) 1f and only if:

1. either W is a finite Coxeter group and d; = 2 Vi
(the ‘usual’ nil-Coxeter algebras);

2.or W is of type Ay, and d = (2,...,2,d) or (d,2,...,2) for
some d > 2. In other words, NC'yy/(d) = NCy(n,d).

This shows a statement by Marin (2014):

A key difference between real and complex reflection groups W seems
to be the lack of nil-Coxeter algebras of dimension precisely |W | for
the latter.

(Verified by Marin for a few cases.)

Further questions

1. Do the algebras NC'y(n, d) for d > 2 occur as (differential) opera-
tors, e.g. on some polynomial ring? (For d = 2 their representation
as divided difference operators is used to define Schubert polyno-
mials.)

2. Type-free proof of the above Classification?

3. Categorify the ‘usual’ nil-Coxeter algebras? How about the alge-
bras NC 4(n,d)? (First try d = 1.)
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