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ABSTRACT. Let By be the open Euclidean ball in C¢ and T := (Th,...,Tq) be a commuting tuple
of bounded linear operators on a complex separable Hilbert space H. Let U(d) be the linear group
of unitary transformations acting on C¢ by the rule: z — u -z, 2z € C?%, where u - 2z is the usual
matrix product. Let ui(z),...,uq(z) be the coordinate functions of u - z. We define u - T' to be the
operator (u1(T),...,uq(T)) and say that T is U(d)-homogeneous if u - T' is unitarily equivalent to T'
for all u € U(d). We find conditions to ensure that a (d)-homogeneous tuple T is unitarily equivalent
to a tuple M of multiplication by coordinate functions acting on some reproducing kernel Hilbert
space Hx (Ba,C") C Hol(Bg4,C"), where n is the dimension of the joint kernel of the d-tuple T"*. The
U(d)-homogeneous operators in the case of n = 1 have been classified under mild assumptions on the
reproducing kernel K. In this paper, we study the class of U(d)-homogeneous tuples M in detail
for n = d, or equivalently, kernels K quasi-invariant under the group U(d). Among other things, we
describe a large class of U (d)-homogeneous operators and obtain explicit criterion for (i) boundedness,
(ii) reducibility and (iii) mutual unitary equivalence of these operators. Finally, we classify the kernels
K taking values in M, (C), 1 < n < d, quasi-invariant under an irreducible unitary representation ¢
of the group U(d). A crucial ingredient of this proof, provided in this paper, is that the group U(d)
has exactly two inequivalent irreducible unitary representations of dimension d and none in dimensions
2,...,d—1,d>3.

1. INTRODUCTION

Let © be an irreducible bounded symmetric domain of rank 7 in C? and Aut(Q) be the bi-
holomorphic automorphism group of 2. Let K be the maximal compact subgroup of the group G
which is the connected component of the group Aut(2) containing the identity. By Cartan’s theorem
[13, Proposition 2, pp. 67], K= {¢ € G : ¢(0) = 0}. It is known that € is isomorphic to G/K and G
acts transitively on 2. The group K acts on €2 by the rule

k-z:=(ki(2),...,ka(2)), k€ Kand z € Q.

Note that ki1(z),...,kq(z) are linear polynomials, moreover, K is a subgroup of the unitary group
U(d). The group K also acts on commuting d-tuples T' of bounded linear operators T, ..., T, defined
on a complex separable Hilbert space H, naturally, via the map

k-T .= (k‘l(Tl,...,Td),...,kd(Tl,...,Td)), ke K.
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Definition 1.1. A d-tuple T' = (T4,...,T,;) of commuting bounded linear operators on H is said to
be K-homogeneous if for all k£ in K the operators T and k - T' are unitarily equivalent, that is, for all
k in K there exists a unitary operator I'(k) on H such that

TiT(k) = T(k)kj(Ty, ..., Ty),  j=12....d.

The spherical d-tuples defined in [4] are nothing but U (d)-homogeneous d-tuples. In this paper we
would be discussing U (d)-homogeneous commuting d-tuple M of multiplication by coordinate func-
tions on a reproducing kernel Hilbert space Hx (B4, C™). This Hilbert space consists of holomorphic
functions defined on the Euclidean ball By € C% and taking values in C". We consider in some detail
the case of n = d. However, without any additional effort, we set up the machinery in the much
more general context of a bounded symmetric domain €2 and the maximal compact subgroup K of its
bi-holomorphic automorphism group. A detailed study of K-homogenous operator is underway.

Now, let Dp : H — H @ --- @& H be the operator

Drh = (Tlh,...,Tdh), heH.

We note that ker Dy = ﬂle ker T; is the joint kernel and 0,(T) = {w € C? : ker Dp_q; # 0} is
the joint point spectrum of the d-tuple T'. The class AK(2) consisting of K-homogeneous d-tuples of
operators with the property:

(1) dimker D= =1,

(2) ker Dp= is cyclic for T, and

(3) ©2.C op(T7);
was introduced in the recent paper [9], see also [17]. Among other things, it is shown in [9] that
any d-tuple T' in AK(Q2) must be unitarily equivalent to the d-tuple M of multiplication by the
coordinate functions on a reproducing kernel Hilbert space H g (£2) C Hol(£2) for some invariant kernel
K. Recall that the Hilbert space Hx(€2) has a direct sum decomposition @seig Ps, where Z: is the

set of signatures: s := (s1,...,8,) € 7', sy > s3 > -+ > s, and Py are the irreducible components
under the action of K. The invariant kernel K is then of the form: Kq(z,w) = > 7 asFs(z,w),
2 + - -
where F; is the reproducing kernel of Ps equipped with the Fischer-Fock inner product defined by
—_— 2
0, ) r =4 Jcap(2)a(z)e 1Z2dm(2).

The results of [9] also show that the properties of M like boundedness, membership in the Cowen-
Douglas class B1(2), unitary and similarity orbit etc. can be determined from the properties of the
sequence a := {as}sezr . It is therefore natural to investigate the much larger class of d-tuples of

= 8CAy

homogeneous operators by assuming only that dim ker Dz~ is finite rather than 1, which is the main
feature of the class defined below. As one might expect, we obtain a model theorem in this case also
with the major difference that the kernel K need not be invariant under the K action, instead it is
quasi-invariant!

Definition 1.2. A subspace C' C H is said to be cyclic for the d-tuple T if H is the closed linear span
of

{p(T)vl yeCpe 7’},

where P is the space of complex-valued polynomials in d-variables. The d-tuple T is said to be n -
cyclic if there is a cyclic subspace for T' of dimension n and no cyclic subspace of dimension less than
n.

Assume that ker Dp+ is n - cyclic subspace for T. Let H(® be the linear space {p(T)y| v €
ker D+, p € P}. Fix an orthonormal basis {71,...,7,} in ker Dp«. For w € C%, the point evaluation
eve : H® — C" is defined to be the map

v (30T () = 3 pilw)es,
=1 =1
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where p1,...,p, are in P and e, ..., e, are the standard unit vectors in C". Let bpe(T') be the set
{w € C?: evy, is bounded}.

Definition 1.3. Let € be an irreducible bounded symmetric domain. A K-homogeneous commuting
d-tuple T possessing the following properties
(i) dimker Dy« = n,
(ii) the linear space ker D= is n - cyclic for T,
(iii) € C bpe(T'), and the evaluation maps ev,, are locally uniformly bounded for w € €,
is said to be in the class A, K(2).

The local uniform boundedness of the evaluation functionals might appear to be a strong require-
ment but is necessary for the proof of Theorem 2.1. This notion appears in the definition of quasi-free
modules introduced in [7]. The notion of sharp kernels (see [2]) and generalized Bergman kernels (see
[5]) occurring in the work of Agrawal- Salinas and Curto-Salinas are closely related.

It follows from [9, Theorem 2.3] that the commuting d-tuples in the class AK(2) introduced earlier
in [9] coincides with the class A4;K(£2). It would be convenient for us to let AK(Q2) denote the class
A1K(Q). A classification, modulo unitary equivalence, of the d-tuples in AK(2) was obtained in [9].
In this paper, we continue the investigation initiated in [9], now for the class A,K(Q2), n € N. We
describe below the results of this paper.

We prove, see Theorem 2.7, that a quasi-invariant kernel K is a sum, with positive coefficients,
of a certain quasi-invariant kernels in the Peter-Weyl decomposition of the Hilbert space Hx (2, C™)
with respect to the action of the group K. We also investigate two sets of examples of d-tuples in
AJK(By). Let Hx (Bg, C?) be an arbitrary reproducing kernel Hilbert space consisting of holomorphic
functions on B;. We study two natural actions of the group K, which in this case is the unitary
group U(d) on Hx (Bg, C?) given by (i) #(u)f =u(f ou™") and (i) 7 (u)f = u(f ou™"'). As it turns
out, these two representations 7 and 7 are reducible and we explicitly find the reducing subspaces
along with the reproducing kernel for these, see Theorem 3.3 and Corollary 3.10. This decomposition
then leads to establishing boundedness and irreduciblity of the d-tuple M on Hg (Bg, C?). We find a
concrete model for a d-tuple T' in A, K(Q2) as the adjoint of the d-tuple M of multiplication by the
coordinate functions on some Hilbert space Hy (€2, C™) C Hol(£2, C™) possessing a reproducing kernel
K :QxQ — M,(C). This is Theorem 2.1. Now the homogeneity of the d-tuple M is equivalent to
a transformation rule for the kernel K, which is given in the definition below.

Definition 1.4. Let K : Q x Q@ — M,,(C) be a sesqui-analytic Hermitian function and ¢ : K x  —
GL,(C)) be a function holomorphic in the second variable for each fixed k € K. The function K is
said to be quasi-invariant under the group K with multiplier c if

K(z,w)=c(k,z)K(k™' -z, k™ w)c(k, w)*, ke K.

We point out that if the function K is quasi-invariant and non-negative definite, then the map I'(k),
k € K defined by the rule: T'(k)(f) = c(k, z) f o k™! is unitary on the reproducing kernel Hilbert space
Hr(2,C"). Also, the map k — I'(k) is a homomorphism if and only if ¢ is a cocycle, that is,

C(klkg,z) = C(l{?l,kg . Z)C(kg,z), kl,kg € K.

In the explicit examples we discuss, the map ¢ : K x Q — GL,,(C) is constant in the second variable
and therefore defines a unitary representation of the group K. Consequently, the intertwining operator
['(k) defines a unitary representation k& — I'(k) of the group K. Indeed, if there is a unitary I'(k),
k € K, intertwining M and k- M, then the reproducing kernel K must be quasi-invariant. A familiar
argument using the very useful notion of “normalized kernel”, see Remark 2.2, then shows that the
function ¢ must be actually independent of z. What is more, it is also shown that ¢(k) is unitary for
each k € K.

If the d-tuple M of multiplication by the coordinate functions on some Hilbert space Hx () is
in AK(Q2), then the kernel K is invariant under the action of the group K, that is, K(z,w) =
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> sezr asEs(z,w) with ag = 1, see [1, Proposition 3.4] and [9, Theorem 2.3]. But if n > 1 and the
€LY

d-tuple M acting on H is in A,K(Q), then we can only assume that the kernel K is merely quasi-
invariant, not necessarily invariant. In particular, if 2 is B; and the kernel K is diagonal, then it must
be invariant. Moreover, if M is in A,U(B;) and that the kernel K is invariant. Then, evidently the
kernel K is diagonal, that is, K is of the form: Zaezi Auzw®, z,w € B,. However with a little

t z,w € By, which is part

more effort, we show that it must be actually of the form: ;2 A/ (z, w)
(4) of Corollary 4.5.

How do we construct, if there is any, an example of a kernel K : Q x Q — M,,(C) which is quasi-
invariant but not invariant. Equivalently, we are asking: If a d-tuple of multiplication operators M in
A,K(Q) acting on the Hilbert space Hx (2,C") (n > 1), then does it follow that the quasi-invariant
kernel K must be necessarily invariant? Consider, for example, the kernel

2
ow; 8U7j

where Kg : Q2x — C is an invariant positive definite kernel of the form Kq(z,w) =

Ka(w, w) := K2(w,w) (( logKa(w,w)>>,

§€ZQQ§E§(z,w).
It is known that Kg is not only a positive definite kernel but also quasi-invariant under K, see [10,
Proposition 2.3 and Proposition 6.2]. Indeed, K, transforms according to the rule:

(k™ 2,k w)k T = Ko(z,w), k €K,

where } denotes the transpose of a matrix. The multiplier ¢ : K x Q — GL4(C) for the quasi-invariant
kernel K, is given by c(k,2) = k, k € K, z € Q. Tt is not hard to see that Kq4 is not invariant under K,
see Proposition 2.8, when a; = (v)sfor v > §(r — 1) and s € ZQ (For this choice of ay, where (v), is
the generalized Pochhammer symbol, the kernel K, is the weighted Bergman kernel of the domain
raised to the power v.) Thus we have many examples of quasi-invariant kernels taking values in Caxd
that are not invariant.

In Section 2, we discuss multipliers of the compact group K. We know that if n = d, then the family
of cocycles c(k, z) = k, constant in the second variable, gives rise to the kernel K,. But what happens
if we consider a Hilbert space of the form Hx (€2, C"), where K is assumed to act on C™ via c¢. Now,
if we assume that M is K-homogeneous on Hg (£2,C"), then the kernel K :  x 2 — GL,(C) must
transform according to the rule:

(1.1) K(k-zk-w)=ck) K(z,w)ck).

To obtain additional operator theoretic properties of the d-tuple M explicitly, we restrict to the case
of the Euclidean ball B; C C in Section 3. One of the main results of Section 3 is the classification of
quasi-invariant kernels K under U(d) taking values in M4(C), namely, if the cocycle ¢ : U(d) — GL4(C)
is assumed to be an irreducible representation and the kernels K transform as in Definition 1.4 with c,
then these kernels fall into two classes explicitly described in Theorem 3.24. To prove this result, we
first establish that, up to unitary equivalence, there are only two irreducible unitary representations
of SU(d), the standard one and its contragredient. We also prove that SU(d) does not have any
irreducible unitary representation of dimension ¢, 2 < ¢ < d — 1. We were not able to locate these
results that might be of independent interest. Therefore, we have included detailed proofs of these
results. In the concluding Section 4, we show that a quasi-invariant non-negative definite diagonal
kernel defined on the Euclidean ball must necessarily be invariant. We also describe these invariant
kernels explicitly, see Corollary 4.5.

2. DECOMPOSITION OF A QUASI-INVARIANT KERNEL

We begin by providing a model for a d-tuple of operator T in the class A, K(Q2) acting on some
Hilbert space H. The proof involves transplanting the inner product of H on the subspace C" @ P
of C"-valued polynomials in the space of holomorphic functions Hol(€2, C™). The proof amounts to



5
constructing a unitary operator intertwining T and the d-tuple of multiplication operators defined on

the completion of the subspace C" ® P in Hol(£2, C").

Theorem 2.1. Suppose that T is a d-tuple of commuting operators in A,JK(Q). Then T is unitarily
equivalent to the d-tuple M of multiplication by the coordinate functions on a reproducing kernel
Hilbert space Hg (2, C™) C Hol(Q2, C™), for some kernel function K quasi-invariant under K.

Proof. Since T is K-homogeneous, for each k € K there exists a unitary operator I'(k) on H such that
T;I'(k) = I'(k)k;(T), j=1,...,d.
Pick an orthonormal basis {&;,...,&,} C ker Dp=. Let ¢ : ker Dp= — C™ be a unitary identifying

£E= 2?21 x;&; with the vector ¢ = 2?21 x;e;, where eq, ..., e, are the standard unit vectors in C".
We define a semi-inner product on C" ® P by extending

to C" ® P by linearity. Suppose that H Yore ®piH = 0, then we claim that ) ;" ; e; ® p; = 0. Pick
any w € 2 C bpe(T') and note that

1> piw)ed]|, < Cul| - pi(TIE 5, = 0.
=1 i=1

For 1 < i < n, it follows that p;(w) = 0 for all w € Q. Consequently each p;, 1 < i < n, is the zero
polynomial. Therefore, the semi-inner product given by the formula (2.1) defines an inner product on
C"eP.

Let 4 be the completion of C" ® P with respect to this inner product. Since we have assumed
that the set bpe(T') contains €2, it follows that the Hilbert space .# is a reproducing kernel Hilbert
space consisting of functions defined on Q. Let K : Q x © — M, (C) be the kernel function given by
K(z,w) = evyevy,, that is,

(1) K(-,w)x is in S for every vector & € C" and every point w € €,

(2) {f; K(,w)z)r = (f(w), z)2.
Given any function f € J¢, we can find polynomials p; € C" @ P such that || f —pj|lr — 0as j —
by assumption. Moreover, since the point evaluations are assumed to be locally uniformly bounded
on ), it follows that for any fixed but arbitrary w € €2, there is an open set O C () containing w such
that sup,cp [|[K (2, 2)|| = Now < 0o. For any compact set X C O, and z € X, we have

(2.2) (£(2) = pj(2), €| < IIF(2) = pj(2)ll2 < NSl — pille

proving that f is holomorphic at w. Consequently, K is holomorphic in the first variable and anti-
holomorphic in the second.
Now for any k € K, since ker Dp+ is invariant under the unitary map I'(k)*, we have

(e ®p, e ® q)cngp = (P(T)E;, ¢(T)E;)n
= (L(k)p(k - T)L(K)"E;, T(k)q(k - T)T(K)*€;)
= (p(k - T)L(k)"&;, q(k - T)T(k)"€;)n
= (I'(k)"t'e;@pok, (k)" ej ® gok)crngp.
Therefore, the reproducing kernel K of the Hilbert space J# is quasi-invariant under K with multiplier
(I'(k)**. Finally, the unitary taking e; ® p to p(T)&; extends to a unitary from the Hilbert space H

to the Hilbert space . This unitary intertwines the commuting d-tuple T' on H with the d-tuple M
of multiplication by the coordinate functions z;, 1 < i <d, on J7. O

Now we gather a few properties of d-tuples in the class A4,K(£2). In particular, we prove that if the
d-tuple M on Hg(2,C") is in A, K(Q), then the intertwining unitary between M and k- M for each
k € K must be of the form f — ¢(k)(f o k1), c(k) € U(n).
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Remark 2.2. We recall that any non-negative definite kernel K : Q x Q@ — M,,(C) admits a normal-
ization Ky at wo € Q. The normalized kernel K is characterized by the requirement Ky(z,wg) = Id,
for all z € Q). The point wy is arbitrary but fixed. The first two of the three statements below can be
found in [5] and the last one is from [6, p. 285, Remark].

(1) The d-tuple of multiplication operators M on H (€2, C") and H, (2, C") are unitarily equiv-
alent.

(2) Let M be a d-tuple of multiplication operators defined on a Hilbert space Hx (£2,C"). We
assume without loss of generality that the kernel K is normalized at some fixed wg € Q.
Any two of such d-tuples of multiplication operators are unitarily equivalent if and only if
U*K1(z,w)U = Ky(z,w) for some unitary U € U(n) and all z,w € Q.

(3) Suppose that C" @ P is densely contained in Hx (2, C") and that the multiplication by the
coordinate functions are bounded on Hg (€2, C"). Then

Ny ker(M; —w;)* = {K(-,w)x : x € C"}.
Moreover, the dimension of the joint kernel at w is n for all w € €.

Lemma 2.3. Let Hi (Q2,C™) be a reproducing kernel Hilbert space consisting of holomorphic functions
on Q) taking values in C". Assume that C" ® P is densely contained in Hx(Q,C"), the commuting
d-tuple of multiplication operators M on H (2, C") is bounded and the kernel K is normalized at 0.
Then the following statements are equivalent.

(1) The d-tuple M is K-homogeneous, that is, there is a unitary operator I'(k) on Hx (2, C") with
T(k)* (k- M)T(k) = M, k € K.

(2) The kernel K is quasi-invariant under K with multiplier ¢ : K x Q — U(n), c(k, z) is indepen-
dent of z.
(3) There is a map c : K — U(n) such that (T(k)f)(z) := c(k)f(k™' - 2), is unitary on H (2, C").

Proof. Since C" ® P is densely contained in Hx (€, C"), it follows that the dimension of the joint
kernels N%_, ker D (pr—w)+, w € Q, as shown in [6, p. 285, Remark], is n. Therefore, the methods of [5]
applies.

First, it is not hard to see that the d-tuple of operators k- M acting on the Hilbert space Hx (£2, C™)
is unitarily equivalent to the d-tuple M acting on H (€2, C"), where K(z,w) =Kkt z k1 w)
via the unitary operator f — fok™1, f € Hx(Q,C"). Since K is assumed to be normalized at 0 and k
is linear, it follows that K is also normalized at 0. Second, for a fixed k € K, any intertwining unitary
operator between the d-tuple M on H ;. (Q2,C") and H (€2, C") must be of the form f — ¢(k)f, where

A~

(c(k)f)(z) = c(k)f(z) for some unitary ¢(k) € U(n). Finally, these two unitaries combine to give a
unitary operator I'(k) : Hx (2, C") — H (9, C?) of the form: T'(k)f(z) = c(k)(f o k~1)(2). Thus we
have proved that the statement (1) implies (3).

Moreover, the unitarity of the map I' in the statement (3) is equivalent to the quasi-invariance of
the kernel K, namely, K(z,w) = c(k)K(k™! - z,k= - w)c(k)*. This proves the equivalence of the
statements (2) and (3).

The statement (3) clearly implies (1) completing the proof. O

Remark 2.4. Choosing the multiplier ¢ : K — GL,(C) to be unitary without loss of generality and
assuming that c is a homomorphism, we see that the map f — c(k)(fok™!) is a unitary representation
of K on the Hilbert space Hx (Q,C").

The group K acts on P naturally by the rule p — pok™!. This action, as is well known, decomposes
into irreducible components Py parametrized by the signatures s in Z . It is pointed out in [1,



Proposition 3.4], that any K invariant inner product on P must be of the form

deg p

o) =D Y asps,as) 7,

=0 |s|=¢
€z

Ll

|t
N

where deg p is the degree of p and p,, gs are the components of p, ¢ € P in the Peter-Weyl decomposition
of P into irreducible subspaces Ps. In this paper, what we study amounts to finding K quasi-invariant
inner products on the space C" ® P. We do this by obtaining a generalization of the description of an
invariant inner product from the scalar case given above. This is Proposition 2.6. For the proof, we
need the following elementary lemma. In the finite dimensional case, this is Lemma 2.8 of [4].

Lemma 2.5. Let Hy := (H,(-,-)1) and Ha := (H,(-,-)2) be two Hilbert spaces. Let p : K — U(H,;)
be an irreducible unitary representation for i = 1,2. Then there exists a positive scalar § such that

<.’ '>l — 6<’ .>2'
Proof. Let A be the linear map from #H to H such that (f,g)n, = (Af, 9)n,. Now, note that,

(p(k)Af, g)ry = (Af, p(k™") )2,
= (f,p(k™)g)n,
= <p(k)f, g>7—[1
= (Ap(k) f, 9)ns

Thus it follows that p(k)A = Ap(k). An application of Schur’s lemma completes the proof. O

Let 7 be a unitary representation of the compact group K on a Hilbert space H containing C" ® P
as a dense subspace. By the Peter-Weyl theorem, H is the direct sum of irreducible representations
of K acting on finite dimensional subspaces Hy, A € A. Let m) be the restriction of w to H, that is,
T = @reamy is the Peter-Weyl decomposition relative to the direct sum H = @y cpaH ) into reducing
subspaces of 7. For the complete statement of the Peter-Weyl theorem one may consult [11, Theorem,
1.12, p. 17].

Let us transplant the Fischer-Fock inner product on P and the Euclidean inner product on C™ to
the tensor product C" @ P. We let (-, )+ denote the inner product on this tensor product space
by a slight abuse of notation. Assume that H) is a linear subspace of C" ® P and denote it by Pj.
Now, each of the subspaces Py C C" ® P inherits the inner product from that of (C" @ P, (-, -) ) to
be denoted by (Px, (-, -)7,), A € A. The hypothesis in the following proposition might appear to be
restrictive but for the applications in this paper, they appear naturally.

Proposition 2.6. Fiz an action m of the compact group K on a Hilbert space H. Let [-,-] denote
the inner product of H. Assume that C" ® P is a dense subspace of H. Furthermore, we assume
that (a) [p,q] = [7(k)p,7(k)q], that is, m is a unitary representation of K on H (b) (pr,q\)F, =
(ma(k)px, ma(R)gn) 7, k € K, (¢) mx and my are inequivalent whenever X # X'. Then there exists

positive scalars ay such that [p,q] = D \cp ax{pr, @) F,, where p = > \capx and ¢ = Y \cp Grs
p,qg € C"RP.

Proof. Let p,q € C" ® P be of the form ) ., px, px € Py, and >, .5 @r, @ € Py, respectively. For
any pair A # )\, by hypothesis, 7y and 7y are inequivalent, therefore the subspaces Py and Py of the

inner product space (C" ® P, [-,-]) are orthogonal. Therefore, we have
[p7 q] = Z[pkv Q)\]
AEA
The representation 7y of K on (Pj,[-,]) is unitary and irreducible. It is also unitary and irreducible

on the space (P, (-, -) 7, ). The proof of the theorem is completed by applying Lemma 2.5. O
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As an application of Proposition 2.6, we obtain a description of all the quasi-invariant kernels K
with a multiplier ¢ assuming that ¢ is a unitary representation of K.

Theorem 2.7. Let Hi (Q2,C™) be a reproducing kernel Hilbert space densely containing C" @ P as
subspace. Assume that K is quasi-invariant with multiplier ¢, where ¢ : K — U(n) is a representation
of the group K. Let m denote the action of the group K on Hi(Q,C") given by the rule n(k)f =
c(k)(fok™1). In the Peter-Weyl decomposition T = ®reaTy, assume that the unitary representations
wy are inequivalent. Then there exists positive scalars by, A € A, such that

K(z,w) = ZbAK)\(z,w), z,w € €,
A€A
where K is the reproducing kernel of (P, (-, -)r,), and Hi(2,C") = @rcaPh.

Proof. From Lemma 2.3, it follows that the action 7 of the group K on Hg (2, C") is unitary. This
verifies the assumption (a) of Proposition 2.6. The inner product space (C" @ P, (-, -) ) is the ten-
sor product (C”, (-, -)2) ® (Px, (-, -)»). Consequently, since c¢(k) is unitary for each k € K verifying
assumption (b) of Proposition 2.6. Finally, the assumption that 7y, A € A, are inequivalent is the
assumption (c¢) of Proposition 2.6. Therefore the proof is completed by applying Proposition 2.6. [

We show that a non-scalar kernel K, quasi-invariant under U(d) associated with a multiplier ¢ that
is irreducible, can not be invariant.

Proposition 2.8. Let K : Q x Q — M,,(C) be a non-negative definite kernel. Suppose that ¢ : K —
M, (C) is an irreducible unitary representation and K is quasi-invariant under K with multiplier c. If
the kernel K is also invariant under K, then there exists a non-negative definite scalar valued kernel
k on Q x Q invariant under K such that K(z,w) = k(z,w)I,, z,w € Q.

Proof. Suppose that K is quasi-invariant with multiplier ¢ : K — M,,(C), that is,
K(z,w) =c(k)K(k™' -z, k7 - w)e(k)*, k€K, z,w € Q,

where c¢ is an irreducible unitary representation. If the kernel K is also invariant under K, it follows
that, K(z,w) = c(k)K(z,w)c(k)*, that is, K(z,w)c(k) = ¢(k)K(z,w) for all k € K. By Schur’s
Lemma, K(z,w) = k(z,w)I, for some scalar k(z,w). The kernel K (z,w) is non-negative definite,
therefore k(z, w) is non-negative definite also. Moreover, since K (z,w) is invariant under K, it follows
that x(z,w) is invariant under K as well. This completes the proof. O

Remark 2.9. As we have pointed out earlier, under some additional assumptions, any scalar-valued
non-negative definite kernel K on ) x ) quasi-invariant under K can be shown to be of the form
deig asEs for some sequence {aé}geig of non-negative real numbers.

3. A CLASS OF QUASI-INVARIANT KERNELS

Let (P, (-, -)r) denote the linear space of all polynomials in d-variables equipped with the Fischer-

Fock inner product and let (C, (-, -)3) denote the Euclidean inner product space. We have
((Cd7 (- 2)® (P, (1 )F) = @(Cd ® Pe, (-, '>-7:1z)7
=0

where the linear space (C? ® Py, (-, -)7,) denotes the subspace of (C%, (-, -)2) ® (P, (-,-) ) consisting
of homogeneous polynomials of degree /. Thus the reproducing kernel of (Cd ® Py, (-, -)F,) is of the
form %Id.

There is a natural action 7 of the unitary group U(d) on P given by the formula: (7(u)p)(z) =
pou~Y(z), p € P. Therefore, the map I; ® m : U(d) = GL(C? ® P) given by the formula:

(3.1) (7 (u)(p)(2) = ((La® ™) (w)p)(2) = u((pout)(2)), p € CT'®P, ucU(d)
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is an unitary homomorphism. Let 7y(u) denote the restriction of 7 to Py and I;® 7y be the restriction
of I; ® 7 to C* @ P,.

Evidently, the subspaces C? ® Py, £ € Z,, are not only invariant under the action Iy ® 7 of U(d)
but also the restriction of I; ® 7y to these subspaces is unitary.

There is a closely related representation I); ® m of U(d) on (C%) @ P given by the formula:

(32)  (Fw®)(2) = Ipem@p)(z) = () (pou)(z), pe (C) &P, uecll(d),

where (C?¢)’ is the (linear) dual of the linear space C?. Like before, the restriction of I} ® 7 to the
space (C%)' ® P, is unitary.

Let A = (A1,...,A,) be a tuple of bounded linear operators (not necessarily commuting) A; :
H1 — Ha, 1 < ¢ < n, where the Hilbert space H; is possibly different from Ho. The operators
Da:Hi > Ho® - BHoand DA H, &+ B Hy — Hy are defined by the rule

DA(h) = (Alh, . ,Anh), h € H; and

h1

DA ( : > = Athi+ -+ Aphy, hi,... by € Hy.
hn

It is easy to verify that

(3.3) (DA)* = D g-.

3.1. Decomposition of I, ® my. We discuss the action of the unitary group U(d) on C*® P of
the form prescribed in (3.2) having (linearly) identified (C?) with C¢. This action can be written
equivalently as

(7(u)(p))(2) = T((pout)(z)), pe C & P.

This action leaves the subspaces C? ® Py, ¢ € Z,, invariant. The restriction 7, of the map I L@ to
these subspace, that is, 77, := I @7, : U(d) — GL(C¢®7Py) is evidently unitary. It leaves the subspace
V, C C* ® P, invariant, where

fi
ﬁzZ{fzz < : ) GCd®P£321f1+"'+ded:0}-

fa
This follows from the computation given below.
f1
For any u e U(d), f = ( : ) € C?® Py and z € C4, we have
fa
d d
Y zl(fow)i(z) = (ul(fou)(2), Z)ea = (fou)(2), W Z)ea = D (u-2)ifi(u- 2).
i=1 i=1

Lemma 3.1. Consider the inner product space (C%® Py, (-, -)7,). Then
(1) The reproducing kernel K, of Vy is
- 1

Ko(z,w) := m(z, w)f1 ((z, w)ly —EzT) ,

where Wz' is the matriz product of the column vector W and the row vector z!.

(2) The reproducing kernel ffj of f)j is <z’;f>éfd - K.
O1g

: ) ZQGPZH}-

dag

(3) The subspace Vi~ is { (
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Proof: (proof of (1)). Let ¢ = (Ci,...,(q) be an arbitrary vector in C%. First note that

d
Z Z w C’ el> - m<z7 w>£_1 (Z Zi<<z7 w>C _E<Z> Z>7el>>

— i=1
W(z wf 12 zZ, W)zi( — ZWwi(z 7@)
=1
- e W (e w5 ) (5 w2, 0)

=0.

It follows that the vector K (,w)¢ € V. In order to complete the proof of the first part it suffices to
show that for any f in V,, w,{ € C4, andi=1,...,d (f, Ky(-,w)e;) 5, = (f(w), e;)ca. Note that

d
<f7 <Z, w>£_1ﬁz-rei>]:e = Z<f]a <Za w>£_1wjzi>]:

=1

d
= ij<aifja <Z, w>€—1>]__
=1

=(£- 1) w;(0; ) (w)

az( szfj) (w) ~ fi(w))

= == D!fi(w).

||'M&

l

/—\

Hence we have

(3.4) (f, (=, 'w)f 1szez>]:£ (=1 f(w), e;)ca-

Here the second equality follows since for any polynomial p, ¢, the identity (p, z;¢) = (9;p, ¢)+ holds
(see [16], Proposition 4.11.36), and the third equality from the reproducing property of the kernel
function of Py_;. Now, using (3.4), we see that

m@ (z, w)! ((z, w)e; —@ZT&;)#L;

l 1
= m(l + Z)<f(’w)a €;)
= (f(w), &).

This completes the proof of part (1).

(f, K(-,w)ei) s, =

(proof of (2)). We have noted that the reproducing kernel of (C¢ ® Py, (-, -)7,) is %Id. Therefore,
the proof follows from the standard theory of reproducing kernel Hilbert spaces.

proof of (3)). To prove this, let MZ@ : Py — Pyyq be the linear map Mz(f) p) = zip, P € Py. Setting
i + : - X

MO = (Mz(f),...,Méf)), we have V, = ker DM Thus Vi = ran (DM( ))*. Thus, by (3.3), we

get that VZ = ran D, =+. Since Mz(f)* = 0;, which is already used in part (1), we get the desired

result. 0
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There is an alternative but equivalent description of the representation 7, given below, which is
useful. First, note that the space C? ® P, can be identified with the space P; ® P, via the map
¢ = x ®id, where x : C¢ — Py is given by the formula x(e;) = 2, 1 < i < d, and id : P, — Py,
id(p) = p. Thus

d d
Qb(z eip%)(z,’w) = Zzzpz(w)7 zZ,wc¢E IBcl-
i=1 i=1

Therefore we see that Im (¢) is the space P; ® Py, which we think of as the subspace of homogeneous
polynomials of degree ¢+ 1 in 2d-variables. Since the monomials z1, ..., zg form an orthonormal basis
with respect to the Fischer-Fock inner product, it follows that the linear map ¢ is unitary. Let 7y(u)

be the unitary operator ¢my(u)¢*. Setting l;(z) = 2, 1 < i < d, we check that frg(u)(zg:l Liph) =
Z?Zl(li o u)(ph ou). Clearly,
Im (¢) = (Vo) ® 6(Vi1),

where

(1) 6(%) = {p(z,w) = S, Li()ph(w) € Py © Py : Prresa = 0}, where A == {(2,2) : 2 € By},

(2) d(VF) = {0, 1i(2)(Biger1) (w) € Pr @ Py gryr € Prya}-
Also, we note that gb(f/j) = {Presa : P € P1 ® Pg}. Since V, is invariant under 7y and ¢ is an
intertwining map between 7, and 7y, it follows that (25(]}@) is invariant under 7ty. Let R : P1®Py — Priq
be the restriction map, that is, Rp(z,w) := p(z,z) = Z?Zl zip4(z), where p € Py ® Py is of the form
Z;‘i:l lip%. Thus we have proved the lemma that follows.

Lemma 3.2. The map R on qb(l}f) is onto Py and is isometric when Peyq is equipped with the
Fischer-Fock inner product. Moreover, Ri;(u)R* = 741 (u).

The proof of the theorem stated below is a direct consequence of Lemma 3.2.
Theorem 3.3. The representation w; restricted to f/j is irreducible.

The proof of Theorem 3.7 giving an explicit description of a quasi-invariant kernel under U(d)
transforming according (1.4) with c(u) = @ is facilitated by the set of three lemmas proved below.

Lemma 3.4. Let A be a d X d complex matrixz such that uA = Au for all unitary matrices u with

u(e1) = e1. Then A is of the form <%1 azl(ifl) for some complex numbers a1 and as.

Proof. Let A = (ii ‘i% ), where As and A4 are column vectors in C4! and A, is in Ma-1(C). By
2

hypothesis, we get As = A4 = 0 and vAy = Agv for all v € U(d — 1). Now the conclusion follows by
an application of the Schur’s lemma. O

Lemma 3.5. Suppose that K : By x By — M,,(C) is a sesqui-analytic Hermitian function satisfying
the rule K(A -z, A\ - w) = K(z,w) for all X\ on the unit circle T. Then K(z,w) is of the form

i Z Aa,gzo‘ﬁﬁ,z,weﬁd,

£=0 a,BGZi
lor|=B8]=¢

where Ay g are n x n complex matrices.
Proof. Let K(z,w) =), pezd Aaﬁzo‘ﬁﬂ, z,,w € By. By hypothesis, we have
Z Aavﬁzaﬁﬁ = Z Aaﬁ)\\al—lﬂ\zamﬁ’ z,,weBg AeT.
o, BELY o, BELY

Comparing coefficients in both sides, we get A, g(1 — A*I=18l) = 0 for all A € T. Hence it follows that
Ay p = 0if |a| # |B]. This completes the proof. O
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For any z € By, ||z|| = r, there is a u, € U(d) with the property: u,(z) = re;. The unitary u,
can be determined explicitly, namely, v = (%] %), where z is the column vector with components
21,...,%4. For any choice of two sets of complex numbers, {a,1 : m € Z1} and {ap 2 : m € Z; } with
ao,1 = a2, set

Zamr €0,1),i=1,2.

Also, for any fixed z € By with ||z]| = r, let Z/lz be the set {uy € U(d) : uz(z) = ||z]|e1}.

Lemma 3.6. For any u, € U, we have
Dy(r,r) 0 - ot

i 17 B B 22t

= ( 0 DQ(T,T)Id1> Uz = (Dl (T,T) DQ(T’, T)) 2 + D2(7«7 T)Id.

Proof. For any u, € U,, we have

UL <D1 E)T,T) DQ(T,S)Id71 ) Uy = ul <D1(r,r)aD2(7”,r) 8> s + ULDQ (7“, T’)Id@
=Dy (T’ T) - DQ(T7 T)ULEH@ + DQ(T, T)[dULTz

zz!
— (Dl(T7 r) — DQ(T, T))TT + D2(7"7 T)Id

completing the proof. O

For any u, € U, z # 0, we see that

Dy(r,r) 0 _
T 17,
Uz < 0 Dg(r,r)fd_1> Uz

Theorem 3.7. Suppose that K : By x By — My(C
the transformation rule with the multiplier ¢(u) =

(%) WK (- zu-w)a = K(z,w),ueU(d).

Then, we have the following.
The kernel K must be of the form

K(z,z)=ul (Dlg’r) D2(r2)1d7 )@, Uy € Uz,

is well defined by Lemma 3.6.

) is a sesqui-analytic Hermitian function satisfying
u:

and D;(r,7), i = 1,2, are real analytic function on [0,1) of the form Y ooy am 7*™ with ap1 = ag,2.
Equivalently,

[ee]
(f) K(z,w) = Z (ag1 — ag2)(z, w) w2l + Zaw(z, w)'ly, z,w e By

(=1 =0
Proof. Note that u'K (0 0) (O, 0) implying K (0,0) must be a scalar times ;. Let z € By and
z # 0. Putting w = z and u » € Uy in (%) we get that

K(z,2) = ul K (uz(2), u.(2))uz

(3.5) = ulK(|z]ler, ||zlle1) .

Using this expression of K(z, z) in (%) we see that
(3.6) uLK(|zller ||zl en)wz = ulul, K (Ju- z]ex, |u- ez a.
Equivalently, we have

(3.7) Tuz tul K(||z]le1, || z]le1) = K(||z]le1, || z]|e1)Tuz Tul, for all u € U(d),u, € U,.
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Note that u,.» ﬂul is a unitary and

7*T( o Z  Uyz(u-z)

Uyz ul(€e1) =Uyz U(+—) = ————= = €j.

e T Ll 2]

Moreover, if v is a unitary in U(d) with v(e;) = ey, then v can be written as u; Hug, where u = vVu,,
uz = u, and u; = Iy. Since vu,(z) = ||z||v(e1) = ||z]|e1, we see that u; = I € Uy... Consequently,
it follows that the set {uy.» aul € U(d),uy € Uy, Uy.» € Uy.»} coincides with the set {v € U(d) :
v(e1) = e1}. This together with (3.7) gives

(3.8) vK(|[zlles, [[zllex) = K([|zlle1, || z[le1)v,
for all v € U(d) with v(e;) = e;. Hence by Lemma 3.4 we get that
— ( Killlzllew,llzller) 0
(39) Kmdehkﬂ—( T IKMﬂ%WWMwJ’

where K7 and Ky are two scalar-valued sesqui-analytic Hermitian functions on By x Bg. Applying
Lemma 3.5, we infer that

o
K(z.2)=3 3 apz"%" dap € Ma(C).
(=0 |a|=|8|=¢

Consequently, we have the equality

oo
(3.10) K(||zllew llzllen) =D ae e 21>
=0

Combining Equation (3.10) with the Equations (3.5) and (3.9), completes the verification of the first
of the two equalities claimed for the kernel K. We now obtain the second equality for K, which is (f),
using Lemma 3.6 and then polarizing the result. (]

A criterion for the non-negative definiteness of the kernel K follows from a slight generalization of
the Farut-Koranyi Lemma reproduced below from [8, Lemma 5.4].

Lemma 3.8. Let  be a domain in C?. Let K : Q x Q — M, (C) be a non-negative definite kernel
and Hi (2, C™) be the reproducing kernel Hilbert space determined by K. Suppose that Hy (2, C™) can
be decomposed as an orthogonal direct sum ©;2He and Ky is the reproducing kernel of Hy. Further
assume that {ci}rez, is any sequence of complex numbers such that the sum Y ;2 ¢, K¢(z,w) converges
on Q@ x Q. Then Y ;2 ceKy(z, w) is non-negative definite if and only if co > 0 for all £ € Z,.

Theorem 3.9. Suppose K : By x By — M4(C) be a sesqui-analytic function of the form

o0

)
K(Z, ’LU) - Z (a@,l - af,?) <Z, w>z_1EzT + Z a@,2<z7 w>€Id7
=1 =0

where {ag1}72, and {ag2}72, are two sequences of complex numbers. Then K is non-negative definite
if and only if
ag1 >0 and ap; < (0+1)aps for all ¢ € Z..
Proof. Note that for any ¢ > 1, we have
(a&l — am) (=, w)l_lﬁzT + apa(z, w)lId
=a1(z, w>£Id — (am — am)(z, w>€*1(<z, w) — EzT)

o Y/
= ag’lﬁ!(Kg + Kg‘) — (am — agyg)(g)Kg

= ag 0K} + ((C+ D)aga — agr) (€ — 1)K,
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Thus
K(z,w) = aojgfd + Z (amﬂf(; + ((f + 1)6%2 — am)(ﬂ — 1)!Kg).
/=1
Note that e(* ™), is a non-negative definite kernel. Indeed, e!* ¥ I; = Kg- 4+ 3.9 (K, + IN(KL) Hence

by Lemma 3.8, we conclude that K is non-negative definite if and only if ap2 > 0, a1 > 0 and
(l+1)age —agy >0, that is, a1 < (£ + 1)age, € € Zy. O

As a corollary of Theorem 3.7, we prove that the restriction of the representation 7, to Y, is
irreducible.
Corollary 3.10. The restriction ﬁg\w of T to the linear space Y equipped with the restriction of the
inner product (-, -)r, from C* @ Py is irreducible.

Proof. Suppose there is a decomposition V, = Vgl @ VZQ, where Vél and VZQ are reducing subspaces for
7. Let K 121 and K t? be the kernel functions of Vzl and ng, respectively. Evidently, both K 121 and Kg are
quasi-invariant with respect to the same multiplier u. It follows that K =K 41 @ Kg. If £ =0, then
Vo = {0} and there is nothing to prove. Fix £ € N, it follows from Theorem 3.7 that K} must be of the
form . o Kj + B K jL for some choice of a set of non-negative numbers {c;} and {3;}. The Hilbert
space determined by ajf( i+ ﬁjf( JL contains the Hilbert space determined by a]f( j as well as the one
determined by ﬁjf( ]J- Now, if there is a non-zero a; with j # £, then f/j must be a subspace of Vgl.
Therefore a; = 0 except for j = £. A similar argument shows that 3; = 0 for all j. In consequence, if

ag > 0, then V} =V, otherwise V} = {0}. O
3.2. Decomposition of I; ® my. Consider the two subspaces V, and W, of the inner product space
C!® P
fi
Ve = {f:: ( : ) G(Cd®734281f1+"'+8dfd:0}
fa
and

z19

Wg:{<z

) 1g € 'Pg,l}.
249
Let Mz(f) : Pi_1 — Py be the linear map Mz(f)(p) = zip, p € Pp. Clearly, setting M© =
(Mz(f),...,Méf)), we see that W, = ran (DM(Z)). Note that for any o, € Zi, (z0Fe 2Py =
B'0a+e;,3- Thus we have
(zip,q)F = (p, 0iq) 7, ,q € P.

Hence it follows that M. Z(f)* = ;. Therefore V; = ker DM “ Thus, by (3.3), we conclude that
V@L = ran DM(e) = Wg.

In what follows, we identify the space C% @ P, with the space P; ® P;. The identification is
implemented by the map ¢ := x ® id, where x : C¢ — Py, as before, x(e;) = w;, 1 <i < d. In other
words,

d d
¢(Zeipz)(waz) = Zwipé(z)a P@ € P€> Z,we IBcl-
i=1 i=1

Since {w1, ..., wy} serves as an orthonormal basis in P; and x(e;) = w;, 1 <i < d, it follows that the
map ¢ is unitary. Define a unitary representation 7, of U(d) on P; ® P, by setting 7y = p ® my, where
(p(u)p1)(w) = p1(ulw), p1 € P1. Also, as before, (m¢(u)p)(2) = pe(u='2), pe € Py. Consequently, we
have the formula

(7o (w)p)(w, 2) = p(ulw,u"1z),p € PL @ Py.
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We note that ¢ intertwines I; ® my and 7:

d
¢o (Ig@m)(u)f(z) = Z wiu(f ou™))i(z)

fi

where u € U(d) and f = ( :

fa

We decompose p ® 7, into a direct sum of irreducible representations of U(d) as in Proposition 3.2
of [15]. Thus setting Sy = (Py, m¢) and S1 = (P1, p), we see that

> G(Cd®'Pg.

(3.11) S1®S¢=D,,.0,-0 ® D, 01-0)

where D 01-¢) ~ Sy_1 as in Equation (23.12) of [15], and using Proposition 23.3 of [15], it follows
that D1, 0,—e¢ is unitarily equivalent to V; via the U (d)-linear map ¢. The following theorem match-
ing with Theorem 3.3 and Corollary 3.10, is an immediate consequence of the preceding discussion.

Theorem 3.11. The subspaces Vy and Vj‘ of C* @ P, are reducing for the representation I @ my,
moreover, the restriction of I ® mwy to these spaces are irreducible.

The detailed proofs of Theorem 3.3 and Corollary 3.10 are given earlier since a similar account, as
above, is not available in that case.

Lemma 3.12. Consider the inner product space (C @ Py, (-, -)7,). Then
(1) The reproducing kernel K, of Vg is

B 1 L ((+d—1) _
Ky(z,w) := T d—Di- 1)!<z, w)f ! (€<z, w)l; — sz> ,

where zw' is the matriz product of the column vector z and the row vector w.

(2) The reproducing kernel Ki- of Vi- is m@, w) 2wt
Proof. Clearly, part (2) is a direct consequence of part (1) of the Lemma. Therefore, we will prove
only part (1), which is similar to the proof of part (1) of Lemma 3.1. Let ¢ = ((1,...,(q) be any

vector in C?. As before, we note that

(it w6, e) = gy 0 (R e e ) - (2 e w))

A direct verification shows that

d
Zaj (Ki(z,w)¢, e5) =0,
7j=1
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therefore, it follows that Ky(-, w)¢ € V.

(fi. (2, w)wi25) 7

M~

<fa <Z7 w>£_IZET€Z->]:Z =

.
Il
-

/-1

I
M~

wilfy, {2 w) )

<.
I
—

wi<6jfjv <Z7 w>€—1>}_

I
M=~

<.
Il
-

d

= (0= 1)lw; > (9;f;)(w) =0,

7j=1
Thus (£, K w)es) = (f(w), ). O

Theorem 3.13. Suppose that K : By xBg — My(C) be a sesqui-analytic Hermitian function satisfying
the transformation rule with the multiplier c(u) = u:

(%) uK(u™ - z,u™! - w)ut = K(z,w).

Then K(z,w) must be of the form K(z,w) = Y, a/Ki(z,w) + >, BeK; (z,w), ap, By € C, or
equivalently,

o oo
(#t) K(z,w) =Y (ag1 — dg2)(z, w) 2w+ ana(z, w)'ls, z,w € By,
=1 =0

where ago = G and agy — ago = (ﬁ_lﬁ)f(_% foralll € Z,.

The proof of this theorem is similar to that of Theorem 3.7 and therefore omitted. A straightforward

computation gives the relationship between the constants {as 1, as2}7°, and {ay, Be}7°, claimed in the
Theorem. As before, applying Lemma 3.8, we have the following corollary.

Corollary 3.14. Suppose that K : By x By — My(C) is a sesqui-analytic Hermitian function of
the form K(z,w) = >, a/Ki(z,w) + >, BeK} (z,w) as in Theorem 3.13. Then the kernel K is
non-negative definite if and only if oy > 0,8, > 0. In other words, the kernel K is non-negative
definite if and only if ap2 >0 and (d — 1)age < (+d—1)ae; for allt € Z.

3.3. Boundedness and irreducibility. In this subsection, we derive explicit criterion for U(d)-

homogeneous d-tuple of multiplication operator M to be (a) bounded and (b) irreducible. This is
done separately for the class of kernels of the form appearing in Theorem 3.7 and 3.13.

Theorem 3.15. Suppose that K : By x By — My(C) is a non-negative definite kernel of the form ()
appearing in Theorem 3.7. Then the d-tuple M on the Hilbert space H(Bg, C?) is bounded if and

only if
E ]. — - — —
{( +1)ag—12 —ap—1,1 ag 1,1} <

su ,
P (L4 1)ags —ag; as1

¢

Proof. The multiplication d-tuple M on the Hilbert space Hx (Bg, C?) is bounded if and only if there
exists ¢ > 0 such that (¢* — (z, w)) K (z,w) is non-negative definite [10, Lemma 2.7(ii)].

(C2 — (2, ) K (2, )]s CiQP, :{02 (aey — ae2) — (a—11 — ar—12) }z, w) w2t
+ (Faga — ar—12) (=, w)'ly
={A((t+Vagz — ag1) — (0 + Dag—12 — ar_11) }(£ — 1)K,
+ (CQam — ag_l,l)E!Kj.
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Hence by Lemma 3.8 (¢? — (z, w)) K(z,w) is non-negative definite if and only if for all l € N,

A((C+Daga —agy) — (04 )a—12 —ap—1,1) >0
and
Fap1 —ag—1,1 > 0.
The claim of the theorem is clearly equivalent to these two positivity conditions completing the proof.

O

Theorem 3.16. Suppose that K : By x By — My(C) is a non-negative definite kernel function of
the form (#) appearing in Theorem 8.13. Then the d-tuple M on the Hilbert space H(Bg, C?) is
bounded if and only if

sup

{ (+d-—1(—=1)Br1+(d—Day1 Loy } <o
: .

(L+d—2)5 Ty
Equivalently,

sup

{+d—1)a —(d—1)a a
{( Jae—11 — ( Jap—12 Qg 1,2} < .
¢

(+d—1)ag —(d—1)ags ~ ar

Corollary 3.17. Let K be a non-negative definite kernel function either of the form (§) or (41). Assume
that the d-tuple M on the Hilbert space Hy (Bg, C?) is bounded. Then it is U(d)-homogeneous.

Theorem 3.18. Let d > 2. Let K be a non-negative definite kernel function either of the form (f)
or (ff). Assume that the multiplication d-tuple M on the Hilbert space Hy (Bg, C?) is bounded. Then
M is reducible if and only if apy = ago or Gg1 = Gy according as K is of the form (8) or of the form
(), £ € N.

Proof. First, let us consider the case of a kernel of the form (f). Assume that ag; = az2, £ € N.
Then K(z,w) = > 52, an2(z, w)’l,;. Since d > 2, it is evident that the multiplication d-tuple M
on H(Bg,C?) is reducible. Conversely, assume that M on Hx (Bg, C?) is reducible. Since K(z,0)
is constant and M is bounded, the discussion following Lemma 5.1 of [12], there exists a non-trivial
projection on P on C? such that PK (z,w) = K(z,w)P. In case, K is of the form (), this is equivalent
to

(3.12) P( Z (am — CL[}Q) (=, w)f_lﬁzT) = (Z (ag,l — am) (z, w>2_1EzT)P.
=1 =1

Rewriting Equation (3.12), we have

oo
0= (am —ag2)(z, w>€_1(PEzJr - WZTP)
(=1

0o d
al! o .
= (a1 —agz) Y L! > (PE;; — E;;P)z i@t
(=1 lo|=¢—1 ij=1
Let £ > 1 be fixed and choose o = (¢ — 1)g;, 1 <i < d. Then a + ¢; and « + ¢; are of the form
(E— 1)61' + €5, le;, 1 < g <d,

respectively. If we choose any other multi-index 8 # « with |3] = £ — 1 and a pair of natural numbers
m,n, 1 < m,n < d, then we can’t have 5 + ¢, = leg; and f+ ¢, = ({ — 1)e; + ¢;. It follows that
the coefficients of zf_lzju?f must be zero. This means that P must commute with all the elementary
matrices F; j, 1 < 4,7 < d. Hence P can not be a non-trivial projection contrary to our hypothesis
unless ap1 = agp.
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If K is of the form (), we have

o0 (o]
(3.13) P(Z (a1 — ae2)(z, w)’ Z ag1 — aeg)(z, w)z_lzﬁT)P.
=1 £=1
Again, rewriting Equation (3.13), we have
o
0= (CNLg’l — &m) (z, w)ef1 (PzﬁT — zETP)
/=1
[%S) |Oé|' d
= Z (ELgJ — EL&Q) Z j Z (PEZ'J — Ei7jP) a+€1ﬂ)a+€j.
=1 la|=t—1 ij=1

Choosing a = (¢ — 1)g;, as before, we see that P can not be a non-trivial projection contrary to our
hypothesis unless ay; = ag2. This completes the proof. O

3.4. Computation of matrix coefficients and unitary equivalence. We wish to determine when
the d-tuple M on the reproducing kernel Hilbert space H  (Bg, C%), where K is given by either (#) or
(#), are unitarily equivalent. For this, we rewrite the kernel K in the form K(z,w) = Za,ﬁ Aaﬁzau?ﬁ,
where a, 3 € Zi and A, g are d x d complex matrices. Since the kernels K given in (f) and (ff) are
normalized, any two d-tuple M acting on H (Bg, C?) and H g (Bg, C?) are unitarily equivalent if and
only if for all a, 3, Aa g is unitarily equivalent to A/, 5 by a fixed unitary U. Here we have taken
K'(z,w) =3, 54, 32 P, Therefore, we proceed to ﬁnd the matrix coefficients A, 3.
We will first con51der a non-negative definite kernel of the form (), that is,

K(z,w) = Z (W,l — ag,2)<z, w)ﬁ_lﬁ 2t Zam(z, w>£Id
=1 =0
:ZZ<>( ZPUK—i—l)z] )z%a
=0 |a|=¢ 1,j=1
s [t 53 (Bt
aeZd a€Zd 4]

where Py(|a|) = ajq2la and P;j(la]) = (ajo,1 — @a),2)Eij- The only monomials that occur in the
kernel K are of the form z®w? with o — 3 = €j — €. To find the coefficient of such a monomial, we

consider two cases, namely, ¢ # j and i = j. If ¢ # j, then the coefficient Ay c; a+te; of the monomial
zotei@hte is

«Q . .
(3.14) Are, ot = ('a')%ﬂal 1), i

On the other hand if ¢ = j, we have

(3.15) A“"’:C ) (Jee]) +sz;(’a > (o)

Replacing Py(|al) by Bo(|a]) := Gja2la and Pij(|a) by Pij(la]) := (Gjaj1 — dja)2)E]

i we get the
matrix coefficients for the kernel K of the form (8f).

Theorem 3.19. Let K and K' be two non-negative definite kernel function either of the form (8) or
of the form (#). Assume that the d-tuples M on the Hilbert space Hy (Bq, C?) and H (Bg, C?) are
bounded. Then these two d-tuples are unitarily equivalent if and only if the two kernels K and K' are
equal.
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Proof. Since the kernels K and K’ are normalized at 0, it follows that the d-tuples M on two of these
spaces are unitarily equivalent if and only if the matrix coefficients in the expansion of these kernels,
as above, are unitarily equivalent via a fixed unitary U of size d x d, see [5, Lemma 4.8 (c)]. To prove
the theorem, we first consider two kernels K and K’ of the form (1), that is,

o 0
K(z,w) = ((Lg,l — am) (z, w>£_1ﬁzT + Z ap2(z, w)EId

=1 /=0

and - -
K'(z,w) = Z (af,1 — ap) (2, w) w2t + Za2,2<za w) 1.

=1 £=0

Assume that the d-tuples M on the Hilbert spaces H (Bg, C%) and Hy: (By, C?) are unitarily equiv-
alent. For fixed ¢ € Z4, set a; := ag1 — agp and aj = a@l — %72‘ It follows from Equation (3.14)
that ayUE;; = a,E; ;U for every ¢ # j, 1 < 4,5 < d. Therefore we conclude that a, and aj, are
simultaneously 0 or not. If a; and aj are both zero for all ¢, then the two kernels K and K’ are
invariant kernels of the form Y, as2l4(z, w)* and Y, ay ola(z, w)? respectively. Hence the d-tuples
M acting on K and K’ are unitarily equivalent if and only if ayo = a272, lely.

Assume that as; # ag2 for some ¢ € N. Fix one such ¢ and evaluate Equation (3.14) for a fixed
pair 4, j with ¢ # j. We then see that every column of the d x d matrix a,UF; ; is zero except for
the jth column. This non-zero column is a; times the the ith column of U. On the other hand, each
row of d x d matrix a,F; ;U is zero except for the ith one, which is aj times the jth row of U. Since
neither ag nor a; is zero, it follows that Uy; = 0, 1 < k # ¢ < d, similarly, U, = 0,1 < p # j < d.
Hence U must be a diagonal matrix. Moreover, we have that a,U;; = a,U;; for 1 <i # j < d. We
claim a¢ = a. For the proof, start with a?U; ; = a,(a,U; ;) = a’fUm and conclude that a; = aj. Hence
Ui = U;; for i # j and it follows that Uy 1 = U2 = U3z 3 = --- = Uz 4. In consequence, U must be a
unimodular scalar times identity.

If the kernels K and K’ are of the form (f), then the proof is similar and therefore omitted. [

The theorem below answers the question of unitary equivalence between two U(d)-homogeneous
multiplication tuples acting on H : (Bg, C%) and H 24 (Bg, C?).

Theorem 3.20. Let K* be a kernel of the form (1) and K* be a kernel of the form (#t). Assume that
the d-tuples M on the Hilbert space Hys(Bg, C?) and H ez (Bg, C?) are bounded. Then
(1) if d > 2, these two d-tuples are unitarily equivalent if and only if ag1 = ago = Gp1 = Gy2,
¢eN.
(2) if d = 2, these two d-tuples are unitarily equivalent if and only if agy = a2 and aps = Gy,
{eN.

Proof. The idea of the proof of part (1) is the same as that of the proof for Theorem 3.19. As in that
proof, expanding K% and K and assume that there is a unitary U intertwining all the coefficients
described in (3.14) and (3.15) with the ones described in the comments following these two equations.
Assume that ap, 1 # am2 (and therefore a,, 1 # am2) for some m € N. For every fixed but arbitrary
pair (i,7), we must have

d d

(@m1 — am,z)( Z Uk;,eEk,z> E;j = (am1 — a‘m,2)Eg7j< Z Uk:,éEk,K)-
kf=1 k=1
Since EyE;; = 5@71‘Ek7j, it follows that Zk,l Ukl j = Zk Ug,iEk, ;- Similarly, Elj Zkz,l Uke =
> Ui Ej;. Thus for j # i, we have that U; ; = AUj;, |A\| = 1. Now, assume that d > 2. Moreover,
for a fixed k # i, we have Uy = 0 = Uj;, and for fixed £ # j, we have U;, = 0 = Uy 4. Therefore for
d > 2, we arrive at a contradiction unless ay; = ag2 and ay1 # ago for all £ € N, or that there is no
unitary intertwiner.



20 S. GHARA, S. KUMAR, G. MISRA, AND P. PRAMANICK

The proof of part (2) involves verifying that the unitary (_01 (1)) intertwines the two kernels

whenever ay1 = ag2 and ago = ag1, £ € N. O

3.5. Examples. The examples discussed below show that there are many quasi-invariant kernels K

on the ball B; with multiplier of the form ¢(u) = @ (resp. ¢(u) = u). In the reproducing kernel Hilbert

space H g (Bg, C?), the monomials {2® ® ¢ : a € Z%,¢ € C?} are no longer orthogonal.
Let d > 2. Recall that the Bergman kernel B of the unit ball B is given by B(z,w) =

For t € R, we set

S S
(1= (z,w))4+t"

B(t)(z, w) = B’ ((8z?@2'wj log B)) jjl(z, w).

Clearly B® is a sesqui-analytic hermitian function for any real number ¢. It follows from [10, Lemma
6.1] that B® is quasi-invariant with the multiplier ¢(u) = %. A direct computation shows that

L =21 %0, 221 o Zd
d+1 2112 =3 s 2jw5 - a2
(t) = !
(3.16) BY(z,w) (1 — (2, w))ldrD+2 : : :
i T
Thus
d+1 1 0
(t) =

(3.17) BY(rey,re;) = (1 — r2)Hd+1)+2 (0 (1-— 7"2)]011) 0sr<i.

Note that B®)(0,0) = (d + 1)I;. Thus by Theorem 3.7 we have B")(z, z) = ul B (rey,re1)uy, where
r = ||z|| and uy is a unitary of the form u} = ( | % ). Equivalently,

oo o
(3.18) B(t)(z, w) = (am — a472)<z, w)e_lﬁzT + Zam(z, 'w>£Id7
/=1 =0
where as; = (d + I)W and ago = (d + I)W. In this case it is easy to verify that

agn < (£+ 1)aps for all £ € N if and only if ¢ > 0. Therefore by Theorem 3.9 it follows that BW is a
non-negative definite kernel if and only if ¢t > 0.

Since B® is quasi-invariant with respect to the multiplier c(u) = w, it is easy to see that B(t)T
is quasi-invariant with respect to the multiplier ¢(u) = u. Further, using (3.18) and the identity

%Id = K; + K;-, we obtain
(319) BOT(z,w) = ((aeq — ag2)(l+d—1)( = 1) +agy L) K7 (z,w) + Y ags 0Ki(z,w).
/=1 /=0

Hence it follows from Corollary 3.14 that the transpose B®OT of the kernel B® is a non-negative
definite kernel if and only if ¢(d +1) +1 > 0.

Since B®, ¢ > 0, as well as B(t)T, t(d4+ 1)+ 1 > 0, are non-negative definite, it follows from
Proposition 2.8 that these kernels are quasi-invariant but not invariant.

3.6. Classification. The natural action of the unitary group U(d) on C? ® P associated with the
multiplier ¢ is given by p — c(u)(pou~!), p € C¢® P and u € U(d). We obtain two classes of U(d)-
homogeneous d-tuple of operators with respect to two different multipliers ¢(u) = @ (see Theorem 3.7)
and c(u) = u (see Theorem 3.13). The map u +— @ and u — u are d-dimensional irreducible unitary
representations of the group U(d).
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The classification of finite dimensional irreducible unitary representations of the unitary group U(n)
is well studied. The result is summarized in [15, Proposition 22.2] and is reproduced below for ready
reference.

Proposition 3.21. Each irreducible unitary representation of U(n) restricts to an irreducible unitary
representation of SU(n), and all irreducible unitary representations of SU(n) are obtained in this
fashion. Furthermore, two irreducible unitary representations w1 and wo of U(n) restrict to the same
representation of SU(n) if and only if, for some j € Z,

m(g) = (det g)'mi(g), Vg €U(n).
Hence the set of equivalence classes of irreducible unitary representations of SU(n) is parametrized by
{(dl""vdnflvo) : dl/ € Zvdl > d2 Ze 2 dnfl > O}

Also, recall the Weyl dimension formula for an irreducible unitary representation 7 of U(n) with
weights: wy > -+ > wy, w; € Z, [14, Theorem 11.4] (see also [3, Proposition 2.5]),

. w; —wi+k—7

dimm = J .

1m 7 H k‘—j
1<j<k<n

Combining Proposition 3.21 with the Weyl dimension formula, we find all the d-dimensional rep-
resentations of SU(d). The representations of U(d) can be then made up from the ones for SU(d)
using the relationship between these representations prescribed in Proposition 3.21 as follows. The d-
dimensional (inequivalent, irreducible and unitary) representations of the group U(d) are determined
by weights of the form: (¢ + 1,¢,...,¢) and (m,...,m,m — 1), {,m € Z. As noted in [15, Propo-
sition 22.2|, the representation py corresponding to the weight (¢ + 1,¢4,...,¢) differs from pg by a
power of the determinant: py(u) = (det(u))’po(u), u € U(d). The representation p,, corresponding to
(m,...,m,m—1) is similarly related to pg. We also point out that py is the contragredient of py. We
claim that py and p,, are the only d-dimensional irreducible unitary representations of (d) up to uni-
tary equivalence (Lemma 3.22). We also claim that SU(d) has no irreducible unitary representation
of dimension 2,...,d — 1 (Lemma 3.23).

It might be that both of these results are well-known, although, we are not able to locate them.
However, A. Koranyi in private communication to one of the authors, has provided a very short proof
of Lemma 3.23 using Lie algebraic machinery. A little more effort gives a proof of Lemma 3.22 as well,
thanks to A. Khare, E. K. Narayanan, and C. Varughese. These proofs including what we consider to
be an elementary proof are in the Appendix.

Lemma 3.22. Suppose that ¢ : U(d) — GL4(C) is an irreducible unitary representation of U(d).
Then, up to unitary equivalence, either c(u) = det(u)‘a or c(u) = det(u)™u, £,m € Z.

Lemma 3.23. [f¢{ € N: 2 < ¢ < d—1, then there is no £-dimensional irreducible unitary representation
of U(d), or that of SU(d).

B. Bagchi has observed that Lemma 3.22 and 3.23 can be combined into the following assertion.
The proof is then by induction on the dimension d similar to the two proofs we give in the Appendix.

Let wy > -+ > wy = 0 be integers. Then, either wy = -+ = wy = 0, or [[i1<;<r<d (1 + “’Jk;_]w’f) > d.
wq=0
Equality holds in this inequality if and only if either w; = --- = wg_1 = 1L,wg = 0 or w; = 1 and
w2:...:wd:0_

The first half of Theorem 3.24 below describing all the quasi-invariant kernels, which transform as in
(1.1) via an irreducible d-dimensional unitary representation ¢ of U(d), is an immediate consequence
of Lemma 3.22 combined with Theorem 3.7 and Theorem 3.9 (resp. Theorem 3.13 and Corollary
3.14). The second half follows from Lemma 3.23. We would have liked to prove a similar classification
theorem for all the U(d)-homogeneous operators in the class A4l (B;). However, unfortunately, such
a classification doesn’t follow immediately from the theorem below and requires further investigation.
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Theorem 3.24. Let K : By x By — M(C) be a non-negative definite kernel.

(a) Suppose that £ = d, and K is quasi-invariant under U(d) with respect to the multiplier ¢, where
c:U(d) — GL4(C) is an irreducible unitary representation. Then there exists U € U(d) such
that UKU* is either of the form

[ee]) o)
K(z,w) = Z (am — am)(z, w)g_lﬁzT + Zam(z, w)eld, z,w € By,
=1 £=0
ag1 >0 and ap; < (04 1)ags for all £ € Z,, or of the form
oo oo
K(z,w) = Z(dm —ay2)(z, w) lzw' + ngg(z, w)'ly, z,w e By,
{=1 =0
ag2 >0 and (d—1)ags < (L +d—1)agy for alll € Z.
(b) If 1 < £ < d, then there is no {-dimensional irreducible unitary representation ¢ such that K
is quasi-invariant under U(d) with multiplier c.

4. QUASI-INVARIANT DIAGONAL KERNELS ARE INVARIANT

While there might be a characterization of all the invariant kernels on an arbitrary bounded sym-
metric domain €2, unfortunately, we haven’t been able to find one. Therefore, we have decided to
include a description of all the U (d)-invariant kernels for the special case of 2 = B, the only case that
we are able to resolve. We begin by describing the kernels invariant under the group U(d).

Proposition 4.1. Let K : By xB; — M,,(C) be a non-negative definite kernel. Suppose K is invariant
under U(d). Then K must be of the form K(z,w) = 372, Ae(z, w)*, Ay € M,(C), A, > 0.

Proof. Let K(z,w) = Za,ﬁeZi Aaﬁzaﬁﬁ, z,w € B;. Suppose that K is invariant under U(d), that
is, K(u- z,u-w) = K(z,w), for all z,w € By and u € U(d). Choosing u to be the diagonal unitary
matrices diag(e?1, ..., e"%), 0 := (0y,...,0;) € R%, we get that

Z Aaﬂza@ﬁei(a_ﬁ)'e = Z Aa”@»zo‘ﬁﬂ,z,w € By,

o,BeZd o,Bert
where (o — ) -0 := (oq — p1)61 + - - - + (g — Ba)04. Therefore we have
(4.1) A (@0 _ 1) =0, for all a, 8 € 22, 6 € RY

Let a, 8 € Zi and a # 3. Then there exists m, 1 < m < d, such that o, # 3,,. Choosing ¢; = 0 for
all j # m in (4.1), we obtain that A, g = 0. Hence K(z,w) is of the form Eani Aqoz%w”. Now

choosing u to be u,, we see that

oo
K(z,2) = K(uz - z,uz - 2) = K(|zllev, [|2]ler) = Y Arey e 12"
=0

By polarization, we get that K (z,w) = 320 Age, 1, (2, w)' = 3202 Ag(z, w)t, where Ay = Ay, sc,-
Since K is non-negative definite, by [5, Lemma 4.1 (c)], it follows that A, > 0, completing the
proof. O

For any u in U(d) and a € Z4 with |a| = ¢, let Xog B € Z4,|8| = ¢, be the complex numbers
given by

(4.2) (u-2)* =Y Xi,2°
18]=¢

Lemma 4.2. For any u € U(d), the matriz (((%)%X&”ﬁ)) is unitary.

laf=|B]=¢
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Proof. Consider the space of homogeneous polynomials P, endowed w1th the Fischer-Fock inner prod-

uct. Note that { 1 }y|=¢ forms an orthonormal basis of P, and ((( ) 2 XY 5)) is the matrix

|o|=]Bl=¢
representation of the unitary map p — p o u with respect to this orthonormal basis. ]

Lemma 4.3. There ezists a unitary u € U(d) such that Xj. , # 0 forall a € Z4 with |a| = ¢.

Proof. Choose a unitary u = (uu) _; in U(d) such that ui; # 0 for j =1,...,d. Since

|
L l 4 a d
(u-2)*t = (w1121 + -+ u1q2q)" = Z a‘un cuyd 2% a=(o,...,aq) € ZY,
jaf=¢
we get that X/ o= 5!“11 .u7'9, which is certainly non-zero by our choice of w. O

We now prove the main theorem of this section stated below using Lemma 4.2 and Lemma 4.3.

Theorem 4.4. Let H C Hol(By, C") be a reproducing kernel Hilbert space. Suppose that C™-valued
polynomials are dense in H and (2 @&, 2° ®@n) = 0, for all o # B in Zi and €,mn in C*. If the
multiplication d-tuple M = (M, ..., Mg) on H is U(d)-homogeneous, then there exists a sequence of
positive definite n x n matrices {Ag}eez, such that

2% ® €]* = al{4jq€. &),  a€Zi, £eCm
Proof. Since M on H is U(d)-homogeneous, by Lemma 2.3, for each u € U(d) there exists a unitary
I'(u) on H of the form
D)) = elw)f ou, f €H,
where c(u) € U(n) for all u € U(d). Let £ € Z,. For o, B € Z% with |a| = |B] = £, a # 3, and
&, n e C" we have
(C(u)(z* ® &), T(u)(z7 @n)) = ((u-2)* @ c(w, (u-2) @ c(u)n)
Z Xo7" @ c(u)é, Z Xﬁu’(gzé ® c(u)n)
ly|=¢ |6]=¢
(43) =S X8 K2 @ cu)é, 27 @ c(u)n).
Iv|=¢
Since I'(u) is unitary and (2 ® &, 2% @n) = 0, it follows that (I'(u)(2* ® &), I'(u)(2” @ 1)) = 0.
Hence from (4.3) we obtain
(1.4 3 X2 KT (2 c(u)é, =7 @ clupm) =0.
[v1=¢
Since c¢(u) is unitary and the above equality holds for all £, € C", we get
(4.5) > XL XE (2T®E 2 ®n) =0.
Iyl=¢
By Lemma 4.3, there exists a unitary uy € U(d) such that qu;l,w # 0 for all v with |y| = ¢. Choosing
a = ley and u = ug in (4.6), we get for all § # leq with |B] = ¢,

(4.6) Y OXP (e o) X5 =0.
|y|=£

Hence it follows from Lemma 4.2 that

Xpo (2" @& 27 @n) = xeen VXL
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that is, (27 ® €, 27 ®n) = xren 7!, for all v with |y| = £ and for some constant x¢ . Clearly there
exists a n x n positive definite matrix A, such that

(A, m)cn = xeem, €&meC™.
This completes the proof. ]

This theorem has several interesting corollaries which are listed below. In particular, we conclude
that a quasi-invariant non-negative definite diagonal kernel defined on the Euclidean ball must neces-
sarily be invariant. This is part (4) of the corollary.

Corollary 4.5. Let Hi(Bg,C") be a Hilbert space of the form @,2,P¢ @ C". Assume that the
monomial 2% @ & is orthogonal to z° @ n whenever o # B and that the multiplication d-tuple M
acting on Hi (Bg, C™) is U(d)-homogeneous. Then there exists a sequence of positive definite matrices
{A¢}oez, such that
(1) the inner product on Py @ C" is given by the usual Hilbert space tensor product of the two
finite dimensional Hilbert spaces, namely, (Pe, (-, -)x,) and (C", (-, -)a,), where (£, n)a, =
<A€€7 77>C"

(2) The set {\/%zaAzl/Qei 1<i<n,|al= Z} form an orthonormal basis for Py @ C".
(3) The kernel function K, on the (finite dimensional) Hilbert space (Pe, (-, -)7,) ® (C™, (-, -)a,)

is given by the formula:

¢
Ki(z,w) = Ae_1<z’;}>, z,w € B

(4) The kernel function K of the Hilbert space H (Bg, C") is of the form K(z,w) =), AZI%.
The validity of any one of (1) - (4) implies that of all the others.

Proof. First note that the items (1) - (4) are clearly equivalent. We verify item (1) of the Corollary:
Note that if p = Z\a|=€ z“€,, is a homogeneous polynomial in P, ® C", then

Hp||2 = Z a!<A\a|£a7 £a> = Z ||Za||_27-' <A\oc|£ou £a>'

|a|=¢ |ar|=£
A. PrROOF OF LEMMA 3.22 AND LEMMA 3.23

Lemma A.1. Suppose that ¢ : U(d) — GL4(C) is an irreducible unitary representation of U(d). Then,
up to unitary equivalence, either c(u) = det(u)a or c(u) = det(u)™u, £,m € Z.

Proof. We begin the proof with the claim that any irreducible unitary representation, up to uni-
tary equivalence, of SU(d) acting on C? are the ones determined by the weights: (1,0,...,0) and
(1,...,1,0). In other words, we have to show that the only (admissible) weights w = (w1, ..., w4_1,0)
for which

w; —wg+k—7j
Al J =
(A1) 11 P d
1<j<k<d
wyq=0

are of the form: (1,0,...,0) or (1,1,...,1,0).
For d = 2, the claim is evident from the dimension formula. Assume that the claim is valid for
d — 1, that is, if

10 wi—wetk—j
1<j<k<d-—1 k —J
wd_1:0

then there are only two alternatives for w, namely, either w = (1,0,...,0), or w = (1,...,1,0).
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Let w = (w1,...,wq—1,0) be a weight satisfying the equality in the dimension formula (A.1).
Splitting the product in (A.1), we have

wj —wk+k—J wj —wp+k—jJ wj+d—j
(A.2) [[ . = 1 / : [[ ———
, k—j . k—3j , d—j
k%<k§d 1<j<k<d—-1 1<5j<d-1
=

We shall consider three possibilities, namely,

UJ'—QUk+-k-—j
A3 J =d—1
(A.3) 4| | P d
1<j<k<d—1

and the two other possibilities of being strictly greater than d—1 and less than d—1. First, consider the
case of equality. In this case, the weight w = (wq,...,wq—_1) satisfying (A.3) determines a irreducible
unitary representation of U(d — 1) of dimension d — 1. But this is also the dimension of the irreducible
unitary representation of SU(d — 1) determined by (w; — wg—1, w2 — w41, ..., W43—2 — wg—1,0). Then
by the induction hypothesis, we either have w; = wg_1 + 1,ws = -+ = Wy_o = Wy_1 OF W = Wy =
-+ =wg—9 = wg—1 + 1. Therefore, the weight w of size d must be of the form (m,m—1,...,m—1,0),
or (m,...,m;m —1,0), m > 1. In case of the first alternative, to ensure validity of (A.1), we must
also have

d wj+d—j/r (m+d-1)(m+d—3)---(m+2)-(m+1)-m
I =557 (= % )

1<j<d—1 d=J (d—1)(d—-2)---2-1

This is possible only if m = 1 providing one of the two choices in the induction step. In case of the
second alternative, w = (m,...,m,m — 1,0), and we have

H wj+d—j (m+d—1)(m+d—-2)---(m+2)-m
d—j (d—1)(d—2)---2-1

1<j<d-1

Since m > 1, it follows that the smallest possible value of this product is % and it is achieved at

m = 1. Thus it cannot equal diil unless d = 3. But if d = 3, and m = 1, the weight of size 2 from the
induction hypothesis is of the form (1,0). So, we get nothing new when d = 3.

Now, if possible, suppose that [], j<k< d_l%ﬁkﬁ > d. Then we must have

, d—j =7
1<j<d—1

which is evidently false unless w; =0, 1 < j < d — 1. But if we choose w = (0,...,0), then we can’t
have equality in Equation (A.1), therefore it is not an admissible choice.

Finally, let us suppose that 1 < H1gj<k§d_1%;k_j ={ < d— 2. First, if £ = 1, the only

possible choice of the weight w is w1 = -+ = wg_1. We must then ensure that
wj+d—j
I == “=d
1<j<d-1 YT
which is possible only if wy = .-+ = wg_; = 1. This, together with the choice wy = 0 that we
have made earlier, proves that w = (1,...,1,0) providing the second choice in the induction step. In

particular, the dimension of the representation determined by the weight (1,1,...,1,0) is d. Now,
we must establish that there is no other choice of w satisfying (A.1). This follows from Lemma 3.23
proved below. It is also easy to verify directly: If d = 2 or 3, there is nothing more to be done. If

d > 3, then fix £:2 < ¢ < d—2, and pick w such that HlSKdefl%}Lk_j = d — {. Having picked
w, we also need

da wj+d—j
d—7{ II d—j
1<j<d-1
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that is,
dl=(w+d—=1)-(w+d—=0)(d—0)(wpp1 +d—C—1)--- (wg—1 + 1),
which is valid only if w is of the form (1,...,1,w; = 1,0,...,0). For this choice of w, we see that
H wj—wk+k—j_(d—1)
1<j<k<d—1 k=3 e

which can’t be equal to ¢ for any d > 3. So, there are no more admissible weights in this case.
This completes the verification of the induction step and therefore the proof of the claim. Now, the
assertion of the theorem follows directly from Proposition 3.21. g

Lemma A.2. [f{ € N: 2 < ¢ < d—1, then there is no (-dimensional irreducible unitary representation
of U(d), or that of SU(d).

Proof. The proof is by induction on the dimension d. The base case of d = 3 is easily verified. Now,
we assume by the induction hypothesis, that there are no irreducible unitary representation such that

w; —wi+k—j
2<t:= z <d-2.
<= I wthod o
1<j<k<d—1
Thus the only choice for t is either t =1, or ¢ > d — 1. To complete the induction step, we have to
show that there is no weight w = (wy,...,wq—1,0) such that
w; —wg+k—7
2< /= J <d-—1.
com [ GmtEoi
1<j<k<d
wd:0

If t = 1, then the only possible choice of the weight w is w1 = --- = wy_1, say u. From Equation

(A.2), it follows that

1<j<d-1 J
However since the product on the left hand side of the equation above is an increasing function of u
and its smallest value is 1, the next possible value is d, it follows that the value £ :2 </ <d—1is
not taken. Now, let ¢ > d — 1 for some w. Then from Equation (A.2), we see that

. d—j
1<j<d-1
to ensure the existence of a /-dimensional representation. Since % < 1 while the product on the right
hand side of the equation above is greater or equal to 1, it follows that the two sides can be equal only
if wy =+ =wg_1 =0. But then ¢ must be equal to 1 contrary to our hypothesis. O

A. Koranyi has pointed out that SU(d) is a simple Lie group with discrete center and its Lie alge-
bra su(d) is simple. Therefore any non-trivial homomorphism of it can have at most a discrete null
space, i.e., has to be a local isomorphism. So the image of a representation is a closed subgroup of
U(n), therefore must have the same dimension (as a Lie group) as SU(d). If d > n, then this is not
possible proving Lemma A.2. A similar argument was also given in Mathematics StackExchange. E.
K. Narayanan observed that a proof of Lemma 3.22 follows from the description of the Lie algebra ho-
momorphisms from su(d) to u(d), the Lie algebra of U(d). A. Khare and C. Varughese independently
of each other have provided the following argument proving Lemma A.1: Since su(d) is simple and
u(d) = su(d) @R, it follows that any Lie algebra homomorphism must map su(d) to itself isomorphi-
cally. Also, the inequivalent representastions of su(d) are characterized by the outer automorphisms.
These are in one to one correspondence with automorphisms of the corresponding Dynkin diagram.
The Dynkin diagram of su(d) is A(4-1) consisting of d — 1 dots connected by single lines. For d > 2,
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the (graph) automorphism group of A(;_y) is of order 2 (identity and a reflection). It follows that
there are at most two inequivalent irreducible unitary representations of SU(d), d > 2.

We believe, it will be interesting to find an answer to the two questions: (a) What possible values
dim 7 can take if d is fixed. (b) If d and n = dim 7 are fixed, how many n-dimensional inequivalent
irreducible unitary representations are there of the group SU(d).
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