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Chapter O

Overview

0.1 d"-Quantization, d > 0

border: d-dimensional manifold S, closed (compact) but possibly disconnected (many-particle system)
bordism: d + 1 manifold ¥, connected but non-closed, with boundary 0% = S

border symplectic manifold M

border complex manifold: family of Kéhler manifolds M.,

border complex quantization: family of Hilbert spaces H? (M)

border symplex quantization: projectively flat connexion on bundle of Hilbert spaces H2(M.,)
classical bordism: flow of symplectomorphisms

quantum bordism: flow of unitary operators

0.2 0"-Quantization, Quantum Mechanics

border: point S = S° or finite number of points
bordism: interval [0, ¢], 1-manifold with boundary

Example 0.2.1. @ configuration space

border symplectic manifold T*Q

border complex manifold: family of K&hler manifolds M.,

border complex quantization: family of Hilbert spaces H?(M. )

border symplex quantization: projectively flat connexion on bundle of Hilbert spaces L?(Q)
classical bordism: geodesic flow

quantum bordism: time evolution e

Example 0.2.2. G compact Lie group, T" maximal torus

border symplectic orbit G/T

border complex orbit: family of Kdhler manifolds G€ /G

border complex quantization: family of highest weight Hilbert spaces G€/GS
border symplex quantization: projectively flat connexion on bundle of Hilbert spaces
quantum bordism: no time evolution H =0



0.3 1"-Quantization, Conformal Field Theory

border: circle S = S!, or disjoint union of circles=compact 1-manifold without boundary
bordism: cylinder [0,1] x S or connected Riemann surface ¥ with boundary

Example 0.3.1. G compact Lie group
border symplectic quotient

c>(s',@)/G
border complex quotient: family of K&hler manifolds
O(D,G°)

border complex quantization: positive energy representations of loop group (G. Segal)
border symplex quantization: projectively flat connexion on bundle of Hilbert spaces H?(M.,)

Example 0.3.2. 1+1 gravity, G = SL2(R) non-compact

Example 0.3.3. Restricted Grassmannian, 2d QCD (Rajeev-Turgut)

0.4 2"-Quantization,Topological Quantum Field Theory

border: non-connected compact oriented surface S without boundary
bordism: connected non-compact 3-manifold ¥ with boundary 9% = S

Example 0.4.1. Chern-Simons theory: G=compact Lie group
border symplectic quotient (compact)

HY(S,G) = Hom(m,(S),G)
border complex quotient: family of K&hler manifolds
HY(S,,G®)

border complex quantization: family of Hilbert spaces H? (M)
border symplex quantization: projectively flat connexion on bundle of Hilbert spaces H2 (M)

Example 0.4.2. 2+1 gravity=Chern-Simons theory for non-compact Lie group SLy(R) (Verlinde)

0.5 3 <d <8, Higher gauge theory and special holonomy

gauge theory in 4 dimensions, SU(2)-holonomy

Calabi-Yau manifolds in 6 dimensions, SU(3)-holonomy

Go-manifolds in 7-dimensions

o Spin(7)-manifolds in 8 dimensions

Since spacetime is supposed to have dimension < 11 (M-theory) or < 12 (F-theory), Kaluza-Klein
compactification to 4-dimensional Minkowski space yields 'border’ manifolds of dimension < 8.



Chapter 1

Manifolds, Connexions and
Curvature

1.1 Manifolds

Consider smooth manifolds over R and complex manifolds over C. We use the term K-manifold for
K = R, C. If not specified otherwise, maps, functions, sections etc. will be smooth for K = R or
holomorphic for K = C.

e Jordan manifolds

Jordan manifolds are symmetric manifolds of arbitrary rank, associated with Jordan algebras and
Jordan triples. The basic example is projective space (rank 1)

P*={ECcK': dimE =1}.
Let Z be a K-vector space, endowed with a ternary composition Z x Z x Z — Z, denoted by

(@, y,2) = {z;y; 2},
which is bilinear symmetric in (z,z) and anti-linear in the inner variable. Define

D(z,y)z = {@;y; 2}
Then Z is called a Jordan triple if the Jordan triple identity

[D(z. ). D(w, v)| = D({a3 s u},v) = Dlw, {v; 33 })

holds. Z is called hermitian (over K) if the sesqui-linear form

(z,y) = tr D(z,y)

is non-degenerate and hermitian
tr D(z,y) = tr D(y,x).

A hermitian Jordan triple is called “hermitian, if the trace form (??) is positive definite. If there
are g negative eigenvalues, then Z is called Yhermitian. We will mostly be concerned with complex
Yhermitian Jordan triples.



The basic example is Z = K"** with the ternary composition
{u;v;w} := wWw*w + wo*u

which makes sense for rectangular matrices. More generally, the full classification of irreducible
complex ®hermitian Jordan triples is

e matrix triple Z = C™*¢, {x;y; 2} = ay*z+zy*z, rank = r < s, a = 2 (complex case), b= s—r
er=1 7=CY =C* {z;y;2} = (z|ly)z + (z|ly)z

e symmetric matrices a = 1 (real case)

e anti-symmetric matrices a = 4 (quaternion case)

e spin factor Z = C**2 {z;y;2} = (z-9) 2+ (2-9) 2+ (z-2)y, r=2, b=0

e exceptional Jordan triples of dimension 16 (r = 2) and 27 (r = 3), a = 8 (octonion case)
For (u,v) € Z? := Z x Z the endomorphism
1
Byyz =z —{ujv;z} + Z{u7 {v; z; v} u}
of Z is called the Bergman operator. For matrices it becomes
Byvz = (I —uv*)z(Is — v*u)

which again makes sense for rectangular matrices.

A pair (x,y) € Z? is called quasi-invertible if B, 4 is invertible. In this case the element

a¥ = B, (v — {z;y;7})

in Z is called the quasi-inverse. For rectangular matrices the quasi-inverse is given by

Y= (I, —zy*) o= a(l, —y*z)"?

which is again a rectangular matrix.
By [?, ], we have the addition formulas

B%y-&-z = Bw,y Bx%z

and
VTE = (a¥).

This implies that

[z,a] = [y,b] < (x,a —b) quasi-invertible and y = 2~°

defines an equivalence relation on Z2. Informally, [z,a] = [£%~%, b]. The compact quotient manifold
Z=27%R={m,d: za€cZ}

is a compact symmetric space called the conformal hull of Z. Its non-compact dual is the connected
0-component
Z:={me¢€Z: B, invertible}’,

which is a bounded symmetric domain in its circular and convex Harish-Chandra realization.



Example 1.1.1. For the matrix triple Z = K"**, Z can be identified with the Grassmannian
G (Kt ={ECK™: dimE =r}.
The embedding ¢° : Z C Z is given by mapping m € K"*¢ to its graph
o0 = [(£,€2): € € KT} € KX KIX8 = KLx(r+s)
of m € K"*%. Via this embedding, we have
Z={meZ: I,—22">0}={meZ: I, — 22> 0}.
For r =1, Z becomes projective space P* and Z is the unit ball B®.

A basic theorem of M. Koecher characterizes hermitian symmetric spaces in terms of Jordan triples:

Theorem 1.1.2. In the complex setting, for every *hermitian Jordan triple Z the conformal hull Z is
a compact hermitian symmetric space, and every such space arises this way. Similarly, every hermitian
bounded symmetric domain can be realized as the spectral unit ball Z of a hermitian Jordan triple Z.

Thus there is a 1-1 correspondence between “hermitian Jordan triples and hermitian symmetric
spaces of compact/non-compact type. Via this correspondence the two exceptional symmetric spaces
can be treated on an equal footing with the classical types. For real Jordan triples and symmetric
spaces, the above 1-1 correspondence is ’almost’ true (some exceptional symmetric spaces are missing).

*Peirce manifolds
*Jordan-Kepler manifolds
*Jordan-Schubert varieties

e Restricted Grassmannian

We now describe an infinite-dimensional example.
Example 1.1.3. Let A be an associative unital Banach algebra. The set
S:={scA: =1}
of all symmetries in A is a Banach manifold, with tangent space
T.S={s€ A: ss+ 3s=0}.
The set
P:={pcA: p>=p}
of all idempotents in A is a manifold, with tangent space
T,P={p€A: pp+pp=>p}
If A is a x-algebra, one obtains real manifolds by restricting to self-adjoint symmetries or projec-
tions, resp.

Lemma 1.1.4. There is a 1-1 correspondence between (self-adjoint) symmetries s € S and idempotents

p € P given by p = 5'2"1 and s = 2p — 1, respectively.

Proof. We have

s+ 1\2 1 5 1 s+1
—— 2s+1)=-(1+2s+1) ="~
(2) 12 ) = (125 +1) =

and
(2p—1)2=4p+1—4dp=1.



Identifying a subspace E with its orthogonal projection pg or the corresponding symmetry sp =
2pg — 1, the complex Grassmannian becomes a connected component of the manifold of self-adjoint
projections (resp. symmetries) for the block-matrix algebra

A= C(r+s)><(r+s) _ <Cr><r Crxs)

CSXT CSXS

This is more precisely the symplectic realization of the complex Grassmannian.

*The infinite-dimensional restricted Grassmannian G,., arises by taking symmetries s in A =
L(H), for a complex Hilbert space H, such that s—1 is of trace class. In the approach by Rajeev-Turgut,
it plays a basic role in 2-dimensional QCD.

e Loop groups

Let G be a compact connected 1-connected simple Lie group. Let
(&ln) = —tr(adead,)
be the negative Killing form. Let S := S! be the circle and
CX(S,G)={m:S—=G: m(1l) =¢}
be the based loop group. It has the tangent space

TmCl(S,G) =CX(S,9) ={u:S—g: u(l) =0}

e Conformal blocks
Let S be a compact oriented surface. Let G be a compact Lie group with Lie algebra g. Then the set
048, G)

of all connexions A on the trivial G-bundle S x G is an affine space of infinite dimension. It has the

tangent space
Ta(Q'(S,G)) = Q'(S,9)

at any A € Q1(9,g).

In the following, most manifolds will be constructed as quotient manifolds under an equivalence
relation. Let N be a (not necessarily connected) manifold and R C N x N be a closed submanifold
which defines an equivalence relation on N. Then M := N/R is a manifold if the *Godement properties
[?, ] hold: The projections R — M must be submersions. For u € N let [u] denote the equivalence class
in the quotient manifold M = N/R.

1.1.1 Covered manifolds

A covered manifold is a K-manifold M endowed with an open covering by local charts ¢® : U, — M,
where U, is a domain in a vector space L = K™. Then the open sets V, := ¢%(U,) C M cover M.
Denote by

Oq = (aa)_l :V,—>U,CL

the inverse of 0®. The charts are related by transition maps

oy =0p00”



satisfying 0 = g% o0, ofo00, =0, and

b

a __ a
0, =0,00y.

We define two (closely related) equivalence relations for a covered manifold. First, consider the
disjoint union
U:= U U, % {a}

endowed with the equivalence relation

(z,a) = (y,b) & z €U, yeU, U"’:az.

x

Equivalently, y = 0% (x). In the following, we often write argument variables, such as x, y, as a subscript,
in order to save brackets. Now consider the disjoint union

Vi=|JVa x {a}

endowed with the equivalence relation
(m,a) ~ (m,b) & meV,NV.

Then M =U/ ==V/ ~.

e Jordan manifolds

Example 1.1.5. Consider the projective space M = P?*. For 0 < i < s let U; = L = C® and define the
charts

o' C* = P?, Ui(zo,...,ii,...,zs) =120,...,1%, ..., 2%
Conversely, put
Vi={[leP®: {"#0}.
Then

o, Vi=>C° o;C] = (gj,:,ii,:, g)

The transition maps (for ¢ < j) are given by

0

. 7 . s
i/ 0 i j s (7 1 ] z
O'*(Z,...,1,...72,...72)—<;,...7;7...71,...,;.

In this way P* = U/ = becomes a covered manifold. In the special case s = 1 (Riemann sphere) we
obtain

Cl
o0z :=[1,2Y], ao[¢] == g
CO
ol (2°) = [m°, 1], o1[¢] := a
A= A=

*finite charts for Grassmannian

For the conformal hull Z of a hermitian Jordan triple Z, instead of a finite covering we have a
"continuous’ covering by local charts

0":Z =7, zw0%:=]z4d]

10



for any a € Z. Thus U = Z x Z =: Z? in this case, so that
Z=27%~.

In the special case a = 0 we write z° = z and obtain the affine embedding
oV ZczZ.

If (z,a) is quasi-invertible, then o2 = [z, a] = [2%,0] = (2¢)°

the transition map between two local charts ¢® and o is given by

= 2% In view of the addition formula (??)

op(2) = 27"

on the open set {z € Z: (z,a — b) quasi-invertible}.

1.1.2 Homogeneous manifolds

Another basic type of quotient manifolds are the homogeneous manifolds. Let G be a Lie group with
a closed subgroup H C G. Then the equivalence relation R := {(g,gh) : ¢ € G, h € H} on G is
invariant under left G-translations and hence

M =G/H=G/R

becomes a quotient manifold with a left G-action.

e Jordan manifolds

projective space

P°=5U(1,s)/U(s)

Grassmannian: Let Z = C"**, endowed with the operator norm |z|| = sup spec(zz*)'/2. Then the
matrix unit ball

Z={mecC™: |z]| <1} ={meC™™: [ —2z*>0}

is a symmetric domain under the pseudo-unitary group

omven-{(¢ e (96 )G D6 )

which acts on Z via Moebius transformations

<a Z) (m) = (az + b)(cz +d)~".

C

Its maximal compact subgroup is

K:{(g 2): aeUr), deU(s)}.

with the linear action m — azd*. For the compact dual we have

G,.(C™5) =U(r +s)/U(r) x U(s)

For a general hermitian Jordan triple, let K = Aut(Z) denote the compact linear Lie group of all
Jordan triple automorphisms of Z. The structure group K C GL(Z) is generated by all invertible

11



Bergman operators By, where (a,b) € Z? is quasi-invertible. It acts via linear transformations on Z.
On the other hand, the non-linear transformations of Z are the translations

t.z =z+a

and the quasi-inverse maps

* . —a
t,z =2z

for a € Z. The conformal group G of Z is an algebraic Lie group generated by these three types of
transformations. It acts transitively on Z, giving a conformal realization

Z=G/G
as a flag manifold. Here the parabolic subgroup
Go:={geG: g(0)=0}
is generated by K and the quasi-inverse maps (?7). Putting B, ,, = Bp,a, one can show that K carries
an involution such that )
K={kecK: k*=k"'}
This can be extended to an involution of G mapping t, to t;. Then
G={9eG: g =g"}
is a compact subgroup of G which still acts transitively on Z and satisfies
GnGy =K.
This yields a metric realization o
Z=G/K
of Z as a compact hermitian symmetric space. Let
S0z 1= —2
denote the symmetry at the origin 0 € Z. Then
G:={g€G: g7' =s09"50}
is a non-compact subgroup of G which acts transitively on the spectral unit ball Z and also satisfies
GNGo=K.

This gives a metric realization
Z=G/K

of Z as a non-compact hermitian symmetric space. In summary, we have a diagram of Lie groups

N

For K = C the structure group K is a complexification of K, and the conformal group Gis a
complexification of G and of G. Moreover, G is the full biholomorphic automorphism group of Z, and
G is the full biholomorphic automorphism group of Z. (These remarks hold more precisely for the
connected components of the identity.)

In terms of the classification of complex hermitian Jordan triples we have

12



K=U({r)xU(s): z—uzv, ueU(r), veU(s), Z=Cr*¢

K=U(s), Z=C%=cs

e symmetric matrices a = 1 (real case)

anti-symmetric matrices a« = 4 (quaternion case)
e K=T 5SO(a+2) spin factorZ = C**2

e K=? Z=Cl6

exc

and K =T Es, Z=C27

exc:

1.2 Bundles

For any fibre bundle B over a manifold M, let I'(B) denote the set of all sections (smooth/holomorphic)
® : M — B, satisfying m o & = I;.. For the trivial bundle B = M x F with fibre F' we write

I(M x F) = T(M, F).

Thus I'(M, F) = C>*(M, F) for K =R and I'(M, F) = O(M, F) for K = C. Denote by T'M the tangent
bundle if K = R and the holomorphic tangent bundle if K = C. Thus in the complex case we have the
complexified tangent space

TSM :=T,,M & T,,M

and the real tangent space T2 M is the real subspace
TRM ={v+7: veT,M}.
The complex structure J,, : TRM — TR M is given by
I (v +70) = iv + v
for all v € T,,, M.

Example 1.2.1. For a domain M C C, with coordinate z = x+iy, we have the holomorphic/antiholomorphic

tangent vectors

o 1,0 9N @ 1,0 .9

&‘5(375"37,)’ %Zi(%“a@)

satisfying
0 0 g .0 0 0

oz 0z 07 'oy _0: 07

The complex structure is

0 0 0 .0 0 0
Ja—*’(@+£)—@‘%—‘a*y
0 ) 0 0 /.0 .0 0 0 0
J@__ZJ<$_£)__Z(Zé“LZE)_E“L%_%'

Let P be a principal fibre bundle with Lie structure group H, called an H-bundle in the following,
over M = P/H. Any H-module (E,7) (i.e., a finite dimensional vector space E endowed with a
representation m of H), gives rise to an associated vector bundle

PXE={lp,¢]=[phh""6]: pc P he H, ¢ € E}.

13



Let [p] € M denote the equivalence class of p € P. Writing ®1,; = [p, ®,], for the so-called homogeneous
lift ® of a section ®, one obtains an isomorphism

F(PI%E)z{fer(P,E); fon=h"" f,VpE P, he H}.

In the following, principal bundles and their associated vector bundles will be defined in terms of
cocycles.

Proposition 1.2.2. Let M = N/ ~ be a quotient manifold for an equivalence relation R C N. Let
B : R — H be a smooth map into a Lie group H, denoted by (u,v) — B2, which has the cocycle

property
Bu By =By

for all triples u ~v ~w in N. Then
B
N x H := {[u,h] = [v,(BY)"*h] : (u,v) € R, h€ H}
becomes an H-bundle over M = N/ R, with projection N x? H — M, [u, h] — [u].
As a consequence any H-module E gives rise to an induced vector bundle
Bym B8 ™ -~
N'X B = (NXH)%E = {u,0] = [0,(8)) "] : (wv) € R, $ € F}

over M. Writing @, = [u, éu] one obtains an isomorphism

T(NY E)={f € T(N,E): f,=(8")"™ fuV (u,v) € R}.

~

We often omit the reference to 7 if the context is clear.

1.2.1 Covered manifolds
For a covered manifold M consider maps 8 : V, NV, — H satisfying the cocycle property
By (m) Be(m) = B (m)

for all m € V, NV, N V.. Then
b = Bh(m)

defines a cocycle 8 : R — H in the sense of (??). Hence
B
Vx H={[m,hl, =[m,B(m)h]y: meV,NVy, he H}

becomes an H-bundle over the quotient manifold M = V/ ~ . Any H-module E gives rise to an
induced vector bundle

VEE = (VX H) X E = {lm 6l = lm fh(m)l s m € VanVi, 6 € B}
over M. Writing ®(,,) = [m, ®*(m)], one obtains an isomorphism
INQY % E)={(@) € [[T(Va, B) : @%(m) = Bg(m) ®°(m) ¥ m € Vo NV3}.
By local triviality, every principal bundle and every vector bundle can be realized this way.

14



The tangent bundle arises as follows. For a covering family of charts 6® of M andamap f : V, - FE
we write

aaf (m) :==(f oo (x) € Hom(L, )
oq
if m = o? € V,. Applying this notation to £ = L and f = o}, we obtain
8Ub a\/ a\/ .
3 (m) = (op 0 0*)'(z) = (03)"(z) € L(L) endomorphisms
o

form =02 € V,NV, Now let m = 0§ = 0'2. Since y = of(x), the chain rule yields

Jdo,

00, (m) = (Ué‘)/(m) = (02)’(,1;)(0,?)’(:5) _ 0o, doy

o adb m aaa (m)

for all z, with y := o (x). We sometimes write this relation in the opposite order

t-dyo? = (t-dyof)-d,ol

C

for all t € L. It follows that

5 (m) = 2%

= 90, (m)
defines a GL(L)-valued cocycle on R. Hence we obtain a GL(L)-bundle

v % GL(L) = {[m,h], = [m,hggb (m)]y: m e V,NV,}

over M, called the bein bundle. Via the defining representation of GL(L), we obtain the associated

vector bundle
9o

Jdo,

which is isomorphic to the tangent bundle T'M by identifying [m, t], with (T,c%)t for m = ¢2. In fact,
we have

VXL = {[m,t]a = [m, S22 (m)t]y: meVanVy, t €L}

, do
(Too")t = To(0” 0 0§}t = (T,0") (0}t = (Ty0") 5= (m)t

form =o0? = 0'2. The corresponding sections (vector fields) are

(m)T2 ¥Ym € V, NV}

~

TV ) ={T" e[[T(Va,L): T, = ggb

Similarly, the cotangent bundle 7*M is isomorphic to the cocycle bundle

do,
301,

VXL ={m,0)a = [m. 90 —2(m)]y: meV,NVp, 9 €L}

by identifying [m, 9], with 9 o (T;,0,) when m = ¢2. In fact, we have

Oo,
adb

00 (Timoa) =9 0 T(og 0 0v) =0 0 (07) () (Trmow) = 0 0 = (m)(Toy)

form =o0? = 0’2. The corresponding sections (1-forms) are

rvx v ={(©") e [[TVa, L") : O =65 %4 (1) ¥ € V, N V4.

o]
- m m 80’5
These bundles can also be described in the setting M = U/ ~ . The formulas are

U X GL(L) = {[z,ha = [y, h(o),]o : @ € U, y € Uy, 0% = b}

15



UXL = {[z,t]a = [y, (0f)otly: ©E€Us, y € Up, 0% =0b, teL}

z Yy

PUXL)={(1%) €[]0, L) : T) = (0),T¢ ¥ € Uy, y € Uy, 0% = ab},

UL ={[z,0] = [y, 00 (@0)lo: 2 €U, y €Uy, 0t =0b, 9L}

PUX L) ={(0%) € [[T(Ua, L) : O} = O% 0 (ob), @ € Uy, y € Uy, 0 = b}

In case M carries an H-structure, for a closed subgroup H C GL(L), the transition maps of can
be chosen such that %(m) = (07)}, € H, and we obtain H-bundles instead.

e Jordan manifolds

Example 1.2.3. For the projective space M = P* taking derivatives of (??), we obtain

€k - (ami) 0 0 iz = 612 Gl (%

P P I (27)2
for the standard base e; of C*. For any other u = u¥ e, € C* we obtain

2zt ok 2t B kéf;zj—ziéiiuizj—ziuj
e On5) =u e (Om5) = u )2 ()2

Proposition 1.2.4. For a hermitian Jordan triple Z the conformal hull carries a K -structure. More
precisely, the map B : Z2 — K defined by

gf}zb = Bz,afb
is a cocycle, and the induced K-bundle Z2 x2 K over Z is the bein (tangent frame) bundle.

Proof. The cocycle property follows from the addition formula (??). The well-known identity

0., =B !

zZ,—a
implies that the transition map of = t;_, has the derivative
D08 =0.t_,=B.!

z,a—b"

This gives the bein bundle. O
As a consequence, any K-module E yields an induced vector bundle

B B o
Z? X E:= (Z> x K) X E={[z,¢la = [zafb,Bz_)g_b v : (2z,a —b) quasi-invertible}
~ ~ R

over Z = Z2/ ~ . Writing P, 4) = [z, P, the sections @ are described by
z,a—b

B
[(Z*x E) = {(®*) € I,I'(Z,E): ®, , =BT o}

Since Z C Z is a dense open subset via the embedding z — 20 = [2,0], a section ® is uniquely
determined by its trivialization ® := ®°. Thus the mapping ® + @ identifies I'(Z? x? FE) with a vector
space of maps from Z to E. For the defining representation KX C GL(Z) we obtain the tangent bundle

B B o A
zZ? X 7 .= (2? X K);;Z ={[z,t]la = [z“_b,B;}libt]b : (z,a —b) quasi-invertible, t € Z} =TZ
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and the cotangent bundle

B A~ B N
Z’x 72" =(ZxK)xZ* ={[2,9]a = [ ", 00 B a_plp: (2,a—b) quasi-invertible} = T*Z.
~ ~

Example 1.2.5. Riemann sphere

1.2.2 Homogeneous manifolds

For a Lie group G with a closed subgroup H C G, we may regard
G=GxH
H
as an H-bundle over M := G/H. The homogeneous vector bundle associated to an H-module E of

H is given by
GxE:={lg.9] = lgh.h""¢]: g€ C, heH, ¢cE).
It is G-equivariant under the action

/
)

9o ulg’, 8l = lgg’, @]

e Jordan manifolds

The derivative dyq of q € éo belongs to K , and
By :Go— K, qr dogq.
is a homomorphism.

Proposition 1.2.6. The mapping
[z, hlq — [t 4tz R

induces an isomorphism
) [3 - 80 o
Z7*xK=Gx K
~ &
of K -bundles over Z.
Proof. The transformation ¢ := t* t, € G has the derivative
dog = (0:4",)(Ootz) = 0.t*, = B ...

Now let [z, ¢], = [w, B]T_,¢]p. Then t* t,(0) = t* ,(2) = 2% = w’ = t* ,(w) = t*,t,(0). Hence there

z,a—b

exists q € éo such that t* ,t, = t* ;t,q. Then
B;Vlb = 0o (t" ytw) = Oo(t* 4t.q) = Do (t" ,t.) Doq = B Oog.
Therefore 0yq = B, 4 B;lb = B, q— by the addition formula (??). This implies
[t ote, h) = [y twg ™t h] = [yt (B00) ™ h) = [ yt, BZy_yh)-
Hence the assignment (??) is a well-defined map 22 x? K — G X?;U K, which is a bijection. O
Thus for any Go-module E the mapping [2, la — [t ,t., @] induces a vector bundle isomorphism
72RE=GYE.
~ o
As a consequence, the vector bundle Z2 x? E carries a G-action. This is not obvious in the coordinate
chart picture.
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1.3 0-Geometry: Hermitian Metrics

A 0-geometry on a vector bundle is a hermitian metric. We can also allow pseudo-metrics of
indefinite signature and speak generally of metric vector spaces and vector bundles. The positive
definite case will be called “metric (0 negative eigenvalues).

Let P be an H-bundle over M = P/H. Then any metric H-module E defines a metric

(lp; ol[p, m] = (&lm)

on the associated vector bundle P x7%; E. This is well-defined since

([ph, K=" ¢l|lph, A7 @) = (h="E[R7TE) = (&]n)-

1.3.1 Covered manifolds

Consider an H-valued cocycle 82 and a metric H-module E.

Lemma 1.3.1. Let E be a metric vector space, with inner product (£|n). A family of smooth maps
he : V, — H*(E) (self-adjoint invertible), satisfying the compatibility condition

hiy, = Ba(m)* hy, Ba(m)

for all m € V, N'Vy, defines a metric on V x82 E via

([m, @lallm, n]a)m = (&|hgm)-
For E = C, a family of smooth functions h® : V, — R~ satisfying the compatibility condition

hi, = [80(m)* hy,

for all m € V, N'Vy, defines a “metric on the line bundle V x? C via

([m; @lallm, n]a)m = ([hy,m).
Proof. The identification [m, ¢], = [m, 8% (m)¢], yields

([m, Ba(m)glu|[m, Bo(m)nls) = (Bq(m)€|hy, Ba(m)n)

= (&]B8%(m)*h, Bo(m)n) = (£|he,n) = ([m, dlallm, nla).
O

Proposition 1.3.2. Let E be a “metric vector space. Let (xq) be a partition of unity subordinate to V.
Then the family

W= B xe Bay B =D Balm)* xe(m) Bi(m)

C

defines a “metric on V x? E. For E?C, the family

he =" 18P xer Bl = B (m) xe(m)

defines a “metric on the line bundle V x5 C.

18



Proof. Since the sum (??) is locally finite and the x.(m) add up to 1, (??) defines a smooth map from
V., to the positive definite matrices. For m € V, NV, the cocycle property (??) implies

Bh(m)* R, BL(m) Z Bi(m)* xe(m) B5(m) BL(m)

= D255 (m)Bm)* xelm) A58 (m) = 32 BEm)” xe(m) B5m) = I,

c

Proposition 1.3.3. Let (h®) be a "metric on V x% E. Then
kg (m) = ()72 By (m) (hy,)~'/?
defines a unitary cocycle, i.e. kg(m) € U(E) for allm € Vo, NV,
Proof. The cocycle property follows from
e = (KY2 By (W72 (B2 Be (h)7HE = (h)V2 By 57 (h) 72 = (h)Y2 B (h)THE =
Moreover, we have
KO RS = ((h)Y/2 B2 (hP)~V/2)* (R®)1/2 ga (RY)~1/2 = (Rb)~1/2 ga* pe o (hb)~V/2 = (R¥)~1/2 pb (Rb)~1/2 = 1.
O
As a consequence we may form the “metric vector bundle

VX E = {{(m, &) = (m, 15 (m)E)s : m € VaNVi}.

It carries the “metric
((m, E)al(m, n)a) = (§In).
since the condition (??) is trivially satisfied by h;, = Ig.

For the tangent bundle, a family of smooth maps h* : V, /U, — H* (L), satisfying the compatibility

condition 5 5
a _ U0q %« 1 b Tq a _ by . 1b b
hm - an (m) m ao_b (m), hx = (Ua) (y) hy (o'a) (y)

on V, NV, /U, NU, defines a tangent metric on V/U x? L = TM via the assignment

([m,u]a|[m,v]a)m = (u|h’$nv)7 ([l’,u]aHfﬂ,’U]a) = (u|hiv),

Similar for the cotangent bundle. In the positive case the family

a Ooy, . Ooy,
hm T ; 80’0 (m) XC(m) 80'0 (m)

induces a tangent “metric on M. The associated unitary cocycle is

wgm) = ()7 5% () (h) 2
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e Jordan manifolds

Example 1.3.4. For K = C consider the holomorphic tangent bundle TP on the Riemann sphere P,
endowed with the tangent metric
hY = (1+22)72

The coordinate change w := % yields

1, 00 9 -2

*The metric is invariant under SU(2).

1.3.2 Homogeneous manifolds

If H C G is a closed subgroup and E is a metric H-module, then G x g F becomes a G-equivariant
metric vector bundle with respect to the fibre metric

(lg: 0lllg, ¥)gr = (9l¥).

For line bundles, with ¢, € C, the “metric is

(lg, 9lllg, ¥ gmr = P9

e Jordan manifolds

Any unitary K-representation (E,7) has a holomorphic extension to K. Then the mapping [z, |, —
[t* ,t., ] induces an isomorphism

7’ x E

!X =&

GXE
K

of hermitian holomorphic vector bundles. As a consequence, the restricted G-action on the vector
bundle Z2 x? FE is isometric.

1.4 1-Geometry: Connexions

The Lie algebra I'(T'M) of vector fields on M is endowed with the commutator
(X, Y)m = X - dnY = Y, - dp X.
The infinitesimal action of vector fields on maps ® : G — FE is given by
(dx®)g =X, T,P.

Proposition 1.4.1.
dx (dy®) — dy (dx®) = dix,y®.

For a real manifold M let
Q" (M,R)=T(T"M)

denote the space of all smooth real r-forms over M. Thus
QM) =T(M xR) =T(M,R)
consists of all smooth functions on M. The exterior derivative

d: Q" (M) — Q" (M)
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is defined by the Palais formula: Given vector fields £°, ..., £P then

p .
(dw)(X°,..., XP) =3 (-1)" X} w(X°,... . X',... X7)
=0
+ 3 (1 (XL XA, X0, X XX,
i<j
1

This definition differs from [?, Proposition 3.11] by a factor of g

but makes sense in any characteristic.
For a 2-form w we obtain

(X,Y, Z)dwnm = X - (Y, Z)w —Y - (X, Z)w+ Z - (X,Y)w — (X, Y], Z)w — ([V, Z), X)w + ([X, Z], YV )w

If B is a smooth vector bundle over a real manifold M, one can still define differential forms Q" (B), but
the exterior differential d makes sense only if B = M x F is trivial. In this case we write Q" (M x E) =
O (M, E).

For a complex manifold M, the complexified tangent space splits into the holomorphic and anti-
holomorphic tangent space. The complexified smooth differential forms have a splitting

Q'(M,C)= > QMI(M)
pt+q=r

into (p, ¢)-forms. Accordingly, the differential
d:Q"(M,C) = Q" (M,C)
splits as d = 9 + 0, with
0: QPUM) — QPYRI(M), 0 QPI(M) — QPIHE(M).

If B is a holomorphic vector bundle over a complex manifold M, the anti-linear part d of the exterior
differential is still well-defined.

In general, for a G-bundle P over M = P/G let P x! g denote the adjoint g-bundle of P. The space
QY(P) of all G-connexions on P over M is an affine space, with tangent space

ad
TAQYP) = QY(P x g)
G

at any A € QY(P). We write Q' (M, G) for the space of connexions on the trivial G-bundle M x G, with
tangent spaces Q(M, g).

Let P x7 E be an associated vector bundle. Let m € M and u € T,,M. Choose p € P with
m = [p] = 7(p). For any connexion A € I''(P) the horizontal subspace T;' P yields an isomorphism

Tpr : Ty P — T, M.

Hence there exists a unique horizontal tangent vector u” € T;‘P such that T, (m)u? = u. Given a
section @, apply u” to the smooth function ® : P — E we obtain u? - dp® € E. Then

w-dA® = [p,u? - d, o

is independent of the choice of p [?, Section III.1, Lemma on p. 115], and we obtain the covariant
differential as a 1-form d4®. The map

d* QP x E) = QP xE), ®w d'®
G G
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satisfies the Leibniz rule
dA(fO)=df N®+ f-d*®

for all sections ® € Q°(P xZ E) and functions f € Q°(M,K). On the other hand, given a vector field
X € T(TM) we define the covariant derivative d§ acting on sections. The two notions are related
by

X . d*® =d4 - .

The value at a given point m € M is denoted by

(X - dA®), = (d5 - @) = X, - (dA D)

m

Thus there is a canonical mapping

QHP) x QP XE) - QP XE), (A ®) — dad.
G G

If Pxy E — M is a holomorphic vector bundle one can also consider the anti-linear part
7' QP x E) = QVY(P x B).
H H

Proposition 1.4.2. For any tangent metric g there is a unique Levi-Civita connexion 0g which
satisfies
0 9
dxg(Y,2) = g(d¥Y,Z) + g(Y,d{ Z)

and is torsion-free, i.e.,
3] 3]
dY —dyPX = [X,Y].

It is given by
29(d¥Y, Z) = dxg(Y, Z) + dyg(Z, X) — dzg(Y, X) + g(Z, [X,Y]) — g(V,[X, Z]) — g([Y, Z], X)
Proof. Combining the two properties yields
Axg(Y, Z)+dyg(Z, X)~dzg(V, X) = g(d¥Y, 2)+g(Y, ¥ Z)+9(d3? 7, X)+9(Z, 3 X)=g(dZ’Y, X)~g(Y,d* X)
= gAYV +dYX, Z)+g(V, ¥ Z—df X)+g(dif Z—dY, X) = g(d¥Y+[Y, X], Z)+g (Y, [X, Z])+g([Y, Z), X)
O]

The definition of the Levi-Civita connexion dg is analogous to the exterior derivative
dw(Xa K Z) = de(}/a Z) - dyw(X, Z) + dZw(va) - LO([X, Y]a Z) + w([Xa Z],Y) - w([Y7 Z]7X)

=dxw(Y,Z) +dyw(Z,X) —dzw(Y,X) +w(Z,[X,Y]) —w(,[X, Z]) — w([Y, Z], X)
of a 2-form w.

Now let P = N x? H be a cocycle H-bundle on M = N/R. Then the adjoint bundle is
B ad B,ad
(NxH)xh=N x b
~ ' a R
Hence the affine space Q' (N x? H) of all H-connexions on N x? H has the tangent space

;ad
TA(QY(N % H)) = YN % g
~ R

at any A € QY (N x? H).
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1.4.1 Covered manifolds

For covered manifolds, connexions are constructed as follows. A connexion A on V x? E is given by
the covariant differential

B B
da: (VX E) = QY (VX E).
Given v € T, M and a section ® € Q°(V x? E) we have local representatives (v-da®)® € E for m € V.

Proposition 1.4.3. A family m — A%, of gl(E)-valued 1-forms on V, such that
A= B (dpl+ A" B, AL, = B m) (dunBE 4 AL, B(m))
for m € V, NV, as an identity of linear functionals T,,M — gl(E), defines a (global) connexion A on
V xB E with covariant derivative
(v-d*®)%, = v - dp®* + (v A%)D%,.

Here v - d,®* € E and v - A%, € L(E). For E = C, a family of 1-forms A%, on Vg, satisfying

dyn 38
AL - AY = T
Bi(m)

for all m € V, NV, yields a global connexion A on V x? C with covariant derivative (?7).

=d,, log b

Proof. In order to define a global connexion, we need to check the compatibility relation
(v dp @) = G5 (m)(v- dy, ®)°
for m € V, NV, and v € T,,, M. The condition (??) becomes
v AL = B5(m) (v d g + (v AL,) B (m))

with v - d,,, 8¢ € L(E). Since v - dp,® = v - dpy (BL9%) = (v - d,,82)@%(m) + B (m) (v - d,, @) by the
product rule, we have

B2 () (0 A ) = B () (0 dB2) B%() + v - dy .
Hence (?7) implies
(v dA(I))a(m) =v - dp®* + (v A7) 2% (m) = v - dp®* + By(m) (U ) dm/Bg + (v Al;n) ﬁg(m)) ®“(m)

= 0 ®°4 55 () (v )2 (1) + 55 () (0- A%, ) @ () = 55.(om) (-l @+ (0 AL, )&% (1m) ) = B (1) (0 8)" ).

For £ = C, we have
By (m) Ay, Ba(m) = Ay, Bj(m) Ba(m) = Ay,
Thus (??) simplifies to (?7). O

The space Q' (V x? GL(E)) of all connexions on V x# E is an affine space, with tangent space
Ta(Q'(V g GL(E)) =Q'(V g al(E)).
In fact, let (A¢) and (A%) be two connexions on V x? E. Then
A% = A — AS
is a smooth mapping V, NV, — gl(E) such that
AT =gy A" B
on V, N'Vy. Thus (A%) defines a global gl(E)-valued 1-form on M.
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Proposition 1.4.4. Let (x,) be a partition of unity subordinate to (V). Then the family

A% =" xe B5(dBY)

defines a global connezion on V x? E.
Proof. On V, NV, NV, we have
B2(B2) = —(dB5)Be = —(d(BLB;))Be = —(dBh) B B2 — B (dss) B
= —(dBh)By — B(dBE)BLBE = Bhldss) + B85 (as) By = 85 (dBg + Bi(dBl)By )-
it follows that

A =37 xeBdBE) = >0 Xl (a8 + BB By ) = B (B + D xeBi (B B; ) = Bidsy + A'BY)

c c

O

For the tangent bundle, a family m — A%, of gl(L)-valued 1-forms on V, such that

m

_ Ooy, (daaa N 3cra)

A? =
Oog, \ Ooyp doy,

on V, N'V,, defines a global tangent connexion A on M = V/R, with covariant derivative

(v-dAX)% =v-dp X+ (v AL)X2

m*

Here v - d, X% € L and v- A% € L(L).

If M is a complex manifold, we consider holomorphic vector bundles over M defined by holomorphic
cocycles 3.

Theorem 1.4.5. Let M be a complex manifold, with a metric on (h*) on V x2 E. Then the family
(On)2, == (h%)~" 0, h"
of (1,0)-forms induces a (unique) connexion dh on V x2 E which satisfies

dx (&) = (d¥&ln) + (€ldn)

for all real vector fields X € T'y(Mg), and the ("torsion-free’) condition
3"e =0

for all holomorphic sections ® € T'(V x? E). For E = C, given a “metric (h*) on the line bundle

V x8 C, the family
Omh?®
(Oh)s = = O log h®

m

of (1,0)-forms induces the Chern connexion dh on V x? C.

Proof. Since we take the C-linear Wirtinger derivative d,,,h?, it follows that (9h)® is a (1,0)-form with
values in gl(E). Since 8% is holomorphic in m we have 8,,8%* = 0 and 9,,8% = d,,3°. Applying the
product rule to h%, = 82(m)* h, B°(m) we obtain

Omh® = BL(m)" ((Omh")BL(m) + bl (9 82)) = Bam)” ((Dmh")Bhm) + B, (dmBD)).
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It follows that

(OR)g, = ()" D = (B (m) ()7 B (m)* ) Bhm)” ((Omh")BL(m) + Bl (dmB))

= Bm) ((5,) 7 (0 h) B2 ) + o 52) = B (m) ((OR), BE(m) + 7).

Thus (?7?) is satisfied. For the second assertion, let ® = (®%) be a holomorphic section. Then the ®*
are holomorphic and hence 9,,®* = 0. It follows that

(v-d2"®)? = v - d, @ 4 (%) "L (v - D, h®) ®4(m) = v - Dy ®® + (hE) "L (v - B, h®) % (m)
is C-linear in v. Therefore the anti-linear part (Eilhd))a vanishes for all @ and hence 9@ = 0. O

For a tangent metric (h") the family

N

of (1,0)-forms induces the Chern connexion dh on the tangent bundle V x? L = TM. A complex
manifold M endowed with a tangent “metric is called a hermitian manifold. For a cocycle description,
endow L with an inner product (£|n).

e Jordan manifolds

Example 1.4.6. For the holomorphic tangent bundle of P!, with metric (??), the general formula (?7)
yields the connexion 1-form

Oh?
hO

0 (14 22) 2dz=-21+22)% (1+22) 3 2dz =

0 _ -

= (14 22)*

of type (1,0).

1.4.2 Homogeneous manifolds

We first construct some vector fields on M = G/H. Consider the left translation action

g"q = gg'

of G on itself. For v € g define a vector field v* € T'(TG) by
vy = (Teg" )y =~ - (Tg") € T,G
Lemma 1.4.7. The vector field v* on G is left-invariant, i.e. for each g € G the left translation g

on G satisfies
L

gyt =",

Proof. This follows from

L L
(G5 )gg = Ty g™yl = Ty ") (Teg' ")y = Telg" 0 ')y = To((99') ")y = viy -
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Consider the left translation action g ~— g* of G on G/H given by
9 (¢'H) := gg'H.
Then the canonical projection 7 : G — G/H satisfies
mogt =g on
for all g € G. For v € g define a vector field v* € I'(G/H) by
Yor = (Teg)(Tom)y
Lemma 1.4.8. The vector field v on G/H is left-invariant, i.e. for each g € G the left translation g’

on G/H satisfies

ot =N

Proof. This follows from

A A
(2 gy = Tyng Vg = Teug™)(Tug ) Ter)y = Tu (g og ™) (Tem)y = Tu((99') ) (Tem)y = 7oy -

O

Lemma 1.4.9. For all v € g we have

eyt =%,
i.e.,
Yo = (Tym)vy-
Proof.
’YQ\H = (Tegk)(Teﬂ'V) = (Tgﬂ-)(TegL'V)

O

Lemma 1.4.10. The left-invariant vector field 7 satisfies

(dye flg = 87? fgexpty)
Proof.
0} fyexpin) = 0% (f 0 g")(exp(ty)) = de(f 0 ")y = (do f)(Teg™)y = 75 - dof = (dyr f)g-

O

Let M = G/H. Then we have a commuting diagram

THQ
TyuM <——TuM

TQWT TTEW
T.L

T,G <——T.G

]

T2G m
T.L,

Lemma 1.4.11. Forn € b we have



Proof. Tt follows from (?7?) and Lemma (?7?) that

(dyr &J)g = 8? égexp(tn) = a? exp(tn)~" &)q =—-n" ®,.

Consider a vector space splitting
g=hdm
which is Adg-invariant. Thus [h,h] C h and [h,m] C m, but not necessarily [m,m] C h. For v € g
we write v, and 7y for the projections. Given an H-module (E, ) we consider the corresponding
infinitesimal action
"= 0] exp(tn)”

for all n € b.
Proposition 1.4.12. The left-invariant connexion A associated with a splitting (?77?) has the covariant
derivative
(dh @)Y =dpr®+75 @, (- dA®)y =7) - dy® +7 P
for all v € g.

Proof. For M = G/H every tangent vector in Ty M can be written as

You = (v Te) - (Tug™)

for a uniquely determined v € m. Then v} =~ (T.g*) belongs to (T.g“)m = TG, since the connexion
is left-invariant, and the projection is

(Tym)vl = (Tym)(Teg™)y = (Tug™) (Tem)y = vou-

Therefore 'ygL = (’y;‘H)A is the horizontal lift of v*. Now (??) implies

(dﬁk (I))gH = ’Y;\H ’ d;‘H(I) =g, (VQH)A ’ dg(i)] = [97'7gL ’ dg(i)] = [g, (d'yL(i))g}-
Equivalently, we have (dj;‘A P)~ = d,yL&) for all v € m. This implies
(A @) =dyg P=dyr &—dr @

for all v € g, since, by (?7), we have v = 0 on M for all ¥ € h = Ker T,7 and hence both sides of (?7)
vanish. Applying (??) to 1 := vy, the assertion follows. O

1.5 2-Geometry: Curvature

For every G-connexion A € Q'(P) the covariant derivative (??) has a canonical extension
A QI(Px E) - QP % E)
€] €]
for 7 > 0, satisfying a graded Leibniz rule
dAWAD) =dIA D+ (—1)9Ad D

for all ® € /(P x% E) and ¥ € Q°(M,K). Thus there is a canonical mapping

QNP) x QP X E) = V(P XE), (A®) — dad.

€] G

If Pxy E — M is a holomorphic vector bundle one can also consider the anti-linear part

' QPP x B) — QPP x ).
H H
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Proposition 1.5.1. The square

d4d* - Q°(Px E) —» Q*(P x E)
H H

can be written as
dA(dA®) = (d*A) N D.

for the curvature 2-form d* A € Q?(P x4 h) More generally, the square

d4d? - QP(P x E) — QP*3(P x E)
H H

s given by
dAdA (9@ @) = (d*A) A (9 @ D)

Proof. Using ® also for multiplication by functions, we have
dA(dMNfe®)) =d*(df @D+ fRd®) = d(df) P — df Nd*® +df Nd D+ f @ (ddA D) = f (d4d?)P

since ddf = 0. Thus d*d* commutes with multiplication by functions f and is therefore a multiplication
by a 2-form with values in the bundle P x?qd b. O

For a matrix group the curvature is given by
dAA=dA+[ANA]

Thus the curvature depends in a non-linear, quadratic manner on A. For abelian groups. we have
d4A = dA.

For a holomorphic vector bundle with metric h we have the Chern connexion 0h, with covariant
derivative d°" and curvature d°*dh.

1.5.1 Covered manifolds
For a covered manifold M this looks as follows. For any vector field X € I'(T'M) we put
(X - d2®)? = (X,, - d2®).

Then the family (X -d4®)® of smooth maps V, — E is a localized section. The curvature of A is defined
by
dy (dy®) — d (A3 @) — dfy @ = d*A(X,Y) - @

Proposition 1.5.2. The curvature of (A%) is given by the family
(u,v) - (dAA)%, == v (- dpA®) — - (V- dpA®) + [u- A%, v AL ].

of gl(E)-valued 2-forms. Here [S,T] = ST — TS is the commutator in gl(E). For E = C the curvature
of (A%) simplifies to

(u,v) - (d2A)2 = v - (u-dpA®) —u- (V- dpA?) = (dAY) 0 (u,v).
Proof. Let X,Y be smooth vector fields on M. Then
(Yo - d2®)* =Yy, - dpy @ + (Yy, - A2) DY,

and hence
(X - d2(Y -d2®) = X, - do (Yo - dA D) + (X, - AL) (Vi - d2 D)2

28



= X+ o (Yo - dn® + (Vi = A3)05, ) + (X A5) (Vo - din® + (Vi - A3,) 05, )
= (X dnY) - dn® + (X, Yo )d2 8% + (X - dinY) - AL )DL, + (Yo - (X - di A)) 2,
+(Xm : A%@)(Ym : Afn)@% + (Ym . A%)(Xm : qu)a) + (Xm . A%)(Ym : qu)a)_

For the commutator we obtain, using symmetry of the second derivative d2 ®* and the symmetry of
the last two summands,
(X - din (Y - d2®))" — (Yy, - din (X - d2®))"
=(Xpm dnY =Y, - dpnX) - dpn® + (X - dnY — Y, - dn X) - AL D5,
(Vo (X -y A%) = X = (Vo + dyn A) 05, + (X A%) Vo - Af) = (Vo - A5) (Ko - A5,) ) @5,
=[X,Y]n - dn®* + (X, Y] - 45,) 02,
+(Y - (X - dinAY) — X - (Y - dig A9)) D2 + [ X, - A2 Y, - A2 |92

For a line bundle, the commutator part [u- A%, v - A% ] vanishes. O

Proposition 1.5.3. For a holomorphic metric vector bundle V x? E the Chern connexion ((0h)®)
satisfies

A(Bh)® = (Bh)® A (Ih)°

and

(Bh)* = (d"dh)°.

In other words, the exterior differential d* = 94 —|—5A has the (2,0)-part (0h)* A(Oh)® and the (1,1)-part
is given by the curvature (d°"dh)®.

Proof. Consider first the wedge product. Since
(Y : (6h)a)m = (hfn)il(Ym amha)
we have

(Oh)5 A (BR)5, = (X - (Bh),, Yin - (OR)7,] = [(h5,) ™ (X Omh®), (hiy) ™ (Yo O 2]

= (h) ™ (Xim O h®) (1) ™ (Yo Oh®) = (h) ™! (Vi Omah®) () ™ (X O ).

and hence
hi ((Oh)%, A (Bh)g,) = (Xon Omh®) (Bg) ! (Yo Omh®) = (Yo 0mh®) (hg,) ™1 (X O h?).

Therefore (0h)* A (0h)® is a differential form of type (2,0) since both X and Y involve holomorphic
Wirtinger derivatives. Consider now the exterior differential

(X,Y)d® = dx(Y - (0h)) — dy (X - (Oh)) — [X,Y] - (Oh)
for vector fields X, Y. The product and quotient rules imply
dx (Y - (0h)")m = (h5y,) " (dx - (Y 9mh®)) = (hiy,) ™ (dxch®)(h,) ™ (Yin Omh®).
Therefore
he dx (Y-(0h)")m = dx- (Y Omh®)—(dxh*) (h%) " (Y Omh®) = (Xndm V) (0 h®)+ Y (X O h®) — (dx h) (b)) 71 (Y,
It follows that

hy, (X, Y)dO) = (XpdnY — Yidm X) Onh® + Yo (X dimOmh®) — X, (Vi d i, O h)
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_(dXha)(h;ln)il(Ym Omh?) + (tha)(h;ln)il(Xm Omh®) — [X, Y]m Omh*®
= Yo (XondmOmh®) — Xon (Y dmOmh®) — (Xondmh®) (%) ™ (Vi 0mh®) 4+ (YVindh®) (hE) ™ (X Omh®),
since the first and last terms cancel. Subtracting (??) we obtain the curvature
ho (X, Y)Q) = Ry, ((X,Y)dO — (8h)5, A (Oh)7,)

= Y (X dmOmh®) — X (Yidimn Omh®) — (X 0mh®) (h%) ™ (Vi Omh®) + (Y Omh®) (h%) ™ H(Xom Omh®).

Finally, the second holomorphic derivatives Y., (X, 0m0mh?) = X (Y 0mOmh®) vanish by Schwarz’
theorem. Therefore
he, ((X,Y)Q%)

= Y (Xm0mOmh®) — X (Y O0mOmh®) — (XimOmh®) (RE) " (Vin Oph®) 4 (YonOmh®) (h%) ™ (Xom Omh®).

It follows that Q is a differential form of type (1,1), involving only mixed derivatives. In summary,
d(dh) has the (1,1)-part d®*dh and the (2,0)-part (3h) A (Dh). Since (3h) is of type (1,0), d(3h)® has
no (0, 2)-part, and the assertion follows. O

Proposition 1.5.4. For hermitian holomorphic line bundles the curvature (1,1,)-form (d°"dh)® is
closed.

Proof. The curvature is given by
(d®"Bh)* = B(Bh)* = D log h®.
Since & = 82 = 99 + 00 =0, it follows that

d(00log h*) = (0 + 0)(901og h*) = 09(dlog h*) + 00(dlog h*) = —3DD(Dlog h*) =0

1.5.2 Homogeneous manifolds

Consider the invariant connexions on homogeneous vector bundles over G/H given by a splitting (?7)
of the Lie algebra g.

Proposition 1.5.5. For ~,6 € m the curvature is given by the ‘multiplication operator’

(dA(7,9) @) = ~[,4]5 2.
Proof. For 7,0 € m we have vanishing h-projection. Hence (??) implies
(d(dg' ®) — dgi(d3} @) —df) 5 )~

—_—

=ds d‘g ® —dy d:/A d — d[@yg]é - ['7777];;(1)
= d:y dg (i) — dﬁ dﬁ (i) — d[:yj](i) - [’7777]‘![;&) = _h/’nﬁ;(f.

Here we used that 7.y = 7 and 7,0 = § implies 7,[,8] = [7, 4], so that [,0] is a horizontal lift of

[ 4. O
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Chapter 2

Classical Phase Spaces

2.1 Symplectic Manifolds and Kahler Manifolds

A 2-form w € Q?(M) on a smooth manifold M is called symplectic if dw = 0 and w is non-degenerate,
i.e. for each m € M the canonical map

Wt Ty M — T M,

arising as a special case of (?7), is a linear isomorphism. Alternatively (in the finite-dimensional case),
wm (u,v) = 0 for all v € T,,, M implies u = 0. A symplectic manifold is a manifold M endowed with
a symplectic 2-form w. Then dim M = 2n is even. The Liouville measure is defined by the 2n-form

n!
Proposition 2.1.1. Let Q be a real manifold (configuration space). Then the cotangent bundle
M=T"Q
is a symplectic manifold (phase space), with symplectic form
Wa, (4,6, §,7) = i) — €
for all &5 € T,Q and &,7) € T*Q

Proof. Let m : T*@Q — @ denote the canonical projection. Then Ty ¢ : Ty ¢(T*Q) — T, Q. Define a
global 1-form ¥ € QY(T*Q) by
Vg eV 1= (T em)v).

for all v € T, ((T*@Q). Thus we apply £ € T Q to (T ¢m)v € T, Q. Then
w = dv
is closed, since d? = 0, and non-degenerate. O

The symplectic manifold T*@ is given in its real polarization. We will work instead with complex
polarizations. This is crucial for harmonic analysis but also quantum field theory.

Lemma 2.1.2. Let (M, J,h) be a hermitian complex manifold. Then

ho,(u,v) — by, (v, w)

Wi (U + T, v +70) := 5
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is a (not necessarily closed) non-degenerate 2-form w € Q2(M,R), satisfying
Wi (I X, I Y) = win (X, Y)
for all XY € TR M.

Proof. Since J(u +u) = iu + iu we have

h,, (iu, 1v) — by, (iv, iu)

Win (T (4 +0), Ty (v + D)) = Wy (G0 + G, iv + 1v) = 5

= hom (1, 0) = P (v, 1) = wp(u+a,v+7)
2 m b

Define a Riemannian metric g on M by
I (X)Y) = wn (I X, Y).

Then

ho(iu,0) + by (v,5u) R (u, v) + By (v, 1)
21 2 '

G, (U, v40) = Wiy (T (u4), v40) = W (iutiu), v+0) =
Then

G (u+ 0, u+ ) = by (u,u).
If h is a “metric (positive definite), it follows that g,,(X, X) > 0 for all 0 # X € T®RM. The hermitian
metric h can be recovered from w and g via

B (,0) = g, (1 + 0,0+ 0) + iwy, (u + T, v + 7).

Thus on a symplectic manifold (M,w) the formula (??) yields a 1-1 correspondence between almost
complex structures J and Riemannian (pseudo)-metrics g. An almost complex structure J on (M,w) is
called compatible if (??) is a positive-definite Riemannian metric. By Proposition ?? every symplectic
manifold has a compatible almost complex structure, which however may not be integrable. This leads
to the important

Definition 2.1.3. The following equivalent definitions define a “Kihler manifold:

o A symplectic manifold (M,w) with a compatible almost complex structure J which is integrable
(vanishing Nijenhuis tensor) and hence, by the Newlander-Nirenberg theorem, is a complex struc-
ture.

o A Yhermitian manifold M such that the resulting 2-form w is closed

o A C-hermitian manifold such that the tangent Chern connexion 0h and the Levi-Civita connexion
0g coincide (after proper identification)

Example 2.1.4. For Q = R™ we take M = C" with it standard complex structure J. The hermitian
metric

g0 0

introduced in (??) leads to

o 0 /0 0 0 0 1 0 0 o .0 1 .
“z<a*y’a?>:“2<’(a‘£)@+£>—z(hz(@@)‘hz(&%))—%@”—L
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It follows that h induces the symplectic form
w=dp; A d¢’,

when we identify ¢ = x and p = y. In differential form language we have

dz—dz dzndE 1 1
w=dyAde = L NELYE D gondE— dEAd2) = —dz A dE.
27 2 41 21

Thus h, corresponds to the (1,1)-form dz A dz.

e Jordan manifolds

The Bergman metric h,, (u,v) = tr D(B;;u, v) is positive definite and we obtain a symplectic form

hm(ua 2)) B hm(va 'LL)
21

Wi (u 4+, v +70) :=

which is closed, as will be shown later. Hence the Jordan manifolds
ZczZcZ

are Kahler manifolds.

e Restricted Grassmannian
Proposition 2.1.5. On the space S of symmetries the imaginary symplectic form
w =trs ds ds = SZ dsf A dsyi

1s closed.

e Loop groups

For the (parallelizable) loop space T'(S, G) the tangent space I'(S, g) has a class of hermitian Sobolev
type metrics

(u\v)k = /ds ((Aku)s|vs).
S

For k = 0 this gives the basic L?-metric
(ufv)? = /ds (ua]s).
S
For k = 1/2 one obtains a Kéhler metric
(wo)? = [ ds ((IDJu) v,
S

with Kéahler form

™
S

1
we (u,v) = Q—/ds (ul|vs).
There is also a 1-metric

(ule)! = [ ds ((Bw.fon) = [ ds (o)

S S
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e Conformal blocks

Proposition 2.1.6. Let S be a compact oriented surface. Let G be a compact Lie group with Lie
algebra g. Then the affine space Q' (S, G) of all connexions A on the trivial G-bundle S x G carries the
symplectic form

walAr, Ag) = / tr[Ay A As]
S
where A € T4(QY(S,G)) = Q(S, g).
Proof. We write
A=X\® ’yi

for scalar 1-forms \; € Q'(S) and a basis 7' € g. Choose a U-invariant inner product tr[y,~'] on g, for
example the negative Killing form in the semi-simple case. Then the scalar 2-form

tr[A A A] = X AN tr[y', 7] € Q3(9)
is independent of the choice of basis v¢ and can be integrated over S. for U = SU,,(C) we use —tryy’ O

Is this of complex type?

2.1.1 Homogeneous manifolds

Let G be a Lie group with a (right) action
MxG— M, (m,g)—mg
on a manifold M. The corresponding infinitesimal action

Mxg—TM, (m,u)—u

m

of the Lie algebra g is defined by
u = 0 (m - exp(tu)).

Here exp : g — G is the exponential map. For any m € M the stabilizer subgroup
G ={9g€eG: m-g=m}
has the Lie algebra
Om = {u €g: U, = O}
The quotient manifold
G" =G, \G
has the tangent space
Tm(Gm) = {Zém Tuc g} = gm\g
Lemma 2.1.7.

gm(ng) = Ad;lu

Proof.

,,(Ting) = O (m - exp(tu))(Ting) = O ((m - exp(tw)) - g) = &7 (m - (exp(tu) 9))

=0 (m g (g7  exp(tu) g)) =0 (m g -exp(t Adg_lu)) = Ad;'u

g
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Put Intg(g') := g¢g’g~". Then
Adgy =T, (Int,)

defines an action of G on the Lie algebra g = T.G. The co-adjoint action g* x G — g* on the linear
dual space M := g* is defined by
(mo Adg)u := m(Adgu).

for all m € g* and u € g. Put
ady,v = [u,v].

Lemma 2.1.8. For any m € g* the stabilizer subgroup
Gn:={9€G: moAd; =m}

has the Lie algebra
Om :={u€g: moad, =0}

Proof. Let u € g and let g; € G be a smooth curve with go = e and 9Yg; = u. Then
80 (m o (Adgy)v) = Om((Adg)v)) = m(00 (Adgy)v) = mlu,v] = (m o ad,)v
Since v € g is arbitrary, it follows that
3t0mo Adgy = mo ad,.
Regarding m o Adg, as a curve in the orbit G™ = G, \G it follows that

Tn(G™)={mo ad, : u € g}.

For u € g let
U =u+ gy € TG

~m

denote the equivalence class. For each £ € g* we have the action

(§ o (Adg)|v) := (£|(Adg)v)

for all v € g. Now we define
we (€ o (adu)| o (adv)) = E[u, v]

Theorem 2.1.9. For m € g* define a bilinear form w,, on T,,G™ by
= m[u, v]

wm(w, v, )

for all u,v € g. This is well-defined and yields a G-invariant symplectic form on the coadjoint orbit G™.

Proof. Suppose u,u’ € g and v,v’ € g satisfy u — v’ € g™ and v — v’ € g". Then moad(u —u') =0=
moad(v —v') and

mu,v] — mlu',v'] = mu — v/, 0] + mu',v =0 = (mo ady_n)v— (mo ady_y)u' = 0.

This shows that m[u,v] depends only on the equivalence class u _,v . Hence (??) is well-defined.

The tangent space T, G, consists of all linear functionals u, = mo ad,, for u € g. Suppose that
u, € TGy, belongs to the radical of wy,. Then

(mo ad)u(v) = m(ad,v) = mlu,v] =wy(u_,v ) =0

~m’~m
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for all v € g. Thus m o ad, = 0 as a tangent vector to G,,. Therefore w is non-degenerate.

To show that w is G-invariant, we apply (??) and obtain

(ym’gm)(g*w)m = (gm(ng)’Qm(ng))wm‘g = (Adé;lu ’Ad;LU )wm'g

m-g m-g

=(m- g)[Ad;IU, Ad;lv] = m(Adg[Ad;IU,Ad;I'UD =mlu,v] = (u,,,0,)(g"W)m-
Thus we have

gw=w
for all g € G.
Every u € g induces a vector field v on G,, by
m - exp(tu) = mo Adexp(tu)-
For fixed v € g consider the smooth function
fo, =mlv.
Then
(Eafv)m = ai?f;;pexp(ty) = a?f:;w Adexp(tu)
= (a?fmo Adexp(m))v = m(aEAdexp(tu)v) = m[ua U]'

Since

Wi (L, w,,) = fi]

it follows that (u,w(v,w))m = m|[u[v,w]] and the Jacobi identity implies
u w(v, w) + v w(w, u) + wyw(y, v) = 0.

On the other hand, we have
[Q’ Q} = [ua U]

—

and hence

Wm([%al{]mvw ) = wm([uvv] 7'L~Um) = m[[”?”]w]

m —~—m

Using the Jacobi identity again, we obtain
Win ([ Ulms w,,,) + Wi ([L Wl w,,,) + wm (W, wlm, v,,) = m([[u, v]w] + [[v, w]u] + [[w, u]v]) = 0.

In summary, dw(u,v,w) = 0. Thus dw = 0.

For wug, u1,us € g we consider the right invariant vector fields
U, =u- Te(Ry)

acting on G and also on G¢ = G¢\G. Consider the function

f(m) = ml[u', ]

on the orbit. Then
flo-g) = (0 g)llut,u®] = olg} - [u', u’]
and therefore
(W’ - f)(0) =8 flo-g}) = 0|0} g} - [u',u’] = of[u’[u', u’]].

Thus the first three terms sum up to zero by the Jacobi identity. For the second type we have
wm([gvy]mv Q)m) = wm(wma wm) = m”[uv U]? w]‘

Thus the last three terms sum up to zero by the Jacobi identity.
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e Jordan manifolds

*projective space
*Grassmannian

Proposition 2.1.10. Let G be a real semi-simple Lie group of hermitian type, with maximal compact
subgroup K. Then the ’symmetric domain’ Z = G/K is a coadjoint orbit, whose (Kostant-Kirillov)-
symplectic structure agrees with(?7?). Moreover, the compact dual space (conformal hull)

Z=G°/K€.Z
is a compact Kdhler manifold, and ?? we have
(Z,w) = (G°)GS, Tmh)
Proof. Define m : g — iR by
m(y) = (i3 hh)
O

Proposition 2.1.11. Let G bea simply-connected compact Lie group, with maximal torus T. Then the
full flag manifold
G/IT=T=Gn
is a coadjoint orbit for the linear functional m : § — iR given by
mY := pYj.

Here Y — Y} is the projection onto t.

Proof. With respect to the root decomposition

g=f@29ﬁ

BeA
we write elements in g as
Y=Y+ ) Y
BeA
Define a linear form m : g — C by
mY = pYy.
Let X = Xo+ Y (Xo — X) € g satisfy moadx = 0. Let 8> 0 and Y € g_g be arbitrary. Then
a>0
[X,Y] = [Xo0, Y]+ [Xo — X, V] = —(BX0)Y + Y _([Xa,Y] - [X2,Y))
a>0 a>0

has the t-projection
[X,Y]o = [Xﬁ,Y] =C- Hg.

Since 8 > 0 we have pHg > 0. Therefore 0 = (m o adx)Y = p[X,Y]o = ¢ - pHg implies ¢ = 0. Hence
[X5,Y]=0for all Y € g_g, showing that Xg =0 for 8 > 0. Thus X = X, € t. O

complex structure on coadjoint orbits

Lemma 2.1.12. For each w € W
GY.TC.GY c G®

is open.
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Moreover
G/T =G®/GS

is a compact Kéhler manifold, and we have
(G/T.w) = (G/GS,Imh)

*Peirce manifolds as coadjoint orbits

e Restricted Grassmannian
e Loop groups

Let G be a simply-connected and simply laced (ADE) Lie group. Put S := S! and let
L=C>*(S,G)

with Lie algebra
A:=C>(8S,g).

Then the (smooth) dual is
AT = C™(S,g")

under the pairing

(m|y) == /ds mMsYs
S
for all m € A, m € g*. The coadjoint action is

Its orbit of 0 is the loop space
Q(S) ={m e C>*(S,g") : mg=mar}

It carries the symplectic form

wl&n)i= o= [ ds(e'(9).0(6)

e Conformal blocks

Proposition 2.1.13. For the affine symplectic space Q' (S, G) of G-connexions on a compact oriented
surface S we consider the group
Q°(S,G)

acting by gauge transformations
g-A:=gAg~ " +g 'dg.
This action preserves the symplectic structure (77).

Thus Q1(S, G) becomes a Q°(S, G)-equivariant symplectic manifold. The Lie algebra of Q°(S, G) is
identified with Q°(S, g) under the pointwise Lie bracket. Define a pairing Q°(S, g) ® Q%(S,g) — R by

(7,0) = [ trly-©].
/

Here we write
O=93n
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for some 2-form ¥ € Q2(S,R) and 7 € g. Then the g-valued 2-form

[© 9] =19 [n,7]

gives rise to a scalar 2-form
tr[© - 5] = ¥ tr[n, 7]

which can be integrated over S. Via this pairing we identify Q2(S, g) with a subspace of the dual space
Q°(S, g)*. The full continuous dual should be of distribution type.

2.2 Hamiltonian vector fields, Poisson bracket
C>*(M,R)
Hamiltonian vector fields: For any function f € C>°(M,R) define a vector field f on M by

Wm(fmv Yin) = dn(f)Ym

for all Y € T'(M, T*M). Then the Poisson bracket is defined by

{f15f2} = [f17f2]

We say that fi, fo are in involution if {%} = 0. Completely integrable classical systems f1,..., fn
in pairwise involution. classical dynamics: Geodesic flow on T*@Q multi-flow: A-action, G = KAN
Iwasawa decomposition

Prequantization f — f + iV quantum dynamics: ¢ on L?(Q), quantization of geodesic flow multi-
dynamics: Berezin transform for real Jordan manifolds

2.3 Moment Map and Classical Reduction

Coadjoint orbits, moment map and symplectic quotient
T°Q x Diff (X)) - T*Q, o—T'o
is a symplectic action with moment map
prT*X = T(X)"

P,V = Vg
for all v € T'1(X)
A symplectic manifold (M, w) endowed with a smooth (right) action M x G — M, g — R, preserving
Rw=uw

is called a G-equivariant symplectic manifold. Let M be a symplectic manifold endowed with a
symplectic G-action. The associated infinitesimal action of the Lie algebra g defines a tangent vector

Y = O (g¢ - m) € TruM

for every m € M. Here g; € G is a smooth curve with gy = I and 87g; = 7.
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Definition 2.3.1. A smooth map
w:M—g*

is called a moment map if for each v € g the smooth function p* : M — R, defined by
i (m) = pu(m)v
for the standard pairing g* x g — R, has the differential
dm (1) = wmy,,
for allm € M. Here wnu, € TY M since v, € TmM and wy, € T2 M. Thus
tdmp’ = wn(t,v, )

for all uw € T, M.

Formally, we have du = w. This ’explains’ that a moment map is unique up to a constant if M is
connected

Theorem 2.3.2. Let y: M — g* be a Hamiltonian G-action. Suppose that G acts freely and properly
on u=t(0). Then
M//G = p~H(0)/G

is a smooth manifold of dimension dim M — 2dim G, which carries a unique symplectic form wy €
O%(M//G) satisfying
prw—t*w,

where p : p=1(0) — M is the inclusion map and p : p=1(0) — M//G is the canonical projection.

Proposition 2.3.3. Suppose that p is a moment map for the symplectic G-action on M. Then, for
each v € g the smooth function py has the Hamiltonian vector field yar acting on M. (One says that
the G-action is hamiltonian)

***Symplectic quotient

e Jordan manifolds

Example 2.3.4. The torus action C" x T™ — C” is a hamiltonian action. We have the Lie algebra
t = iR"™ has the dual space
tt =,R

and the moment map p: C" — ,, R has the form

pm) = (127, 12"%)

e Restricted Grassmannian

Example 2.3.5.
Grres (H) - GLres (H)/Bres

has the symplectic structure '
w= iu@ d® do

where ®2 = 1. Hence
D dd=—-dd F
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and therefore
dw = d®® = trd?(dd3) = —trT(dP)3® = —tr(d®)?d? = —dw

so w is closed.

The moment map is
p(P)u = —tr(Pu)

where u € g(H) satisfies u* = eue. This follows from the computation
2tr®[u, ®]d® = —dtrud.

Example 2.3.6. Let @Q be a Riemannian manifold. then T*@ is a symplectic quotient. In particular,
for @ = R", it follows that T*R" is a symplectic quotient.

Remark 2.3.7. Every classical physical system is a symplectic quotient.

e Conformal blocks

Theorem 2.3.8. The action of I°(S,G) on T'Y(S,G) by gauge transformations has a moment map
I''(S,G) = T?(S,g) c TS, g)*
given by the curvature

jia =00 =dO + [0 A O] € T(S, g)

Proof. We have to show that for each v € T'?(S, g) the smooth function

(17)(A) = ((A)|7) = (88]7) = /trh'(’)@]

=

of the argument A € I''(S, G) has the differential

da(py)A =wa(ya,A) = /tr['YA A Al
S

where A and the value v4 of the vector field at A belong to T4 (T'*(S, G)) = I''(S, g). For the left hand
side consider a curve A, with Ag = A and 9% A, = A. Since

O(dA Ay) = 02 (dA; + [Ar N Ay]) = dA+ [AN Al =BA

it follows that

da(uy)A = 0° /tr[y -00] = /tr[’y -0000] = /tr['y DA
s s s
For the right hand side, consider a curve g; € I'°(S, G) with go = I and 0Yg; = ~. Differentiating

gi- A= giAg; ' —g; 'dg
at ¢t = 0 we obtain, using Schwarz rule to exchange the diffentiation in ¢ and on S,
va =0P(g¢ - A) = yA — Ay — dy = =0y € Q'(S,g) = Ta(2'(S, G)).

Since 0 is a graded derivation after applying the trace, it follows that

f/tr[fyfy/l] = f/tr[ﬁ'y/\/l] :/tr['yAﬁA].

S S S

41



Corollary 2.3.9. ;~1(0) = {A: d*A =0} consists of all lat C-connexions on S, and the symplectic
quotient Q1(S, G)//Q°(S, G) agrees with the non-abelian 1-cohomology

H;(S,G) = p~1(0)/Q°(S,G)
which can be identified with Hom(m(S),C)/C. This is a compact symplectic orbifold.

Note that in the non-abelian case higher order cohomology cannot be defined directly (higher cate-
gories).

Theorem 2.3.10. (Narasimhan-Seshadri) The symplectic quotient
HY(S,C) :=Q%S,0)//T°(S,C) = Q}»lat(S’, C)/C = Hom(m(5),C)/C

is the space of all flat C-connezions on S, modulo conjugation by C. It is an orbifold with smooth part
consisting of all irreducible connexions.

Theorem 2.3.11. Fiz a complex structure T on S. Then the complex-analytic quotient H'(S,,C©)
consists of all semi-stable holomorphic vector bundles over S,. It is an complex-analytic space, with
reqular part consisting of all stable vector bundles.

2.3.1 Homogeneous Manifolds

For a coadjoint orbit G we have

Proposition 2.3.12. For any m € g*, the inclusion ¢ : G™ — g* is a moment map for the co-adjoint
action.

Proof. We have to show that for each v € g the mapping ¢, := t,,v = mv has the differential

u, (dmt") = wm(y, ;v )

~m’~m

This follows from

u (dpt”) = (0 m - exp(tu))(dmt”) = 0

v —
Zm m-exp(tu) —

9P (m - exp(tu))v

= 3?m(Adexp(tu)v) = 0Ym((exp(t ad,)v)) = m(ad,v) = mu,v] = wn(u_,v )

~m’~m

2.4 Quantum line bundles

We call a symplectic form w integral, if

1
— S/
21 W

S
for all 2-cycles S C M. This means that 5= € H?*(M,Z).

Theorem 2.4.1. Let 5 € H?(M,Z) be an integral symplectic form. Then there exists a complex pre-
quantum line bundle endowed with a hermitian metric h and a metric connection A with curvature
d*A = w (called the first Chern class). Conversely, the integrality condition is also necessary for the
ezistence of a prequantum line bundle.
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Proof. Choose a Leray open cover V, of M, meaning that all finite intersections are contractible. Since
dw = 0, the Poincaré Lemma implies that for each a there exists a potential A% € Q!(V,,iR) such that

dA® = wly, .

Then d(A* — A®)|y, v, = w — w = 0. Applying the Poincaré Lemma again there exist functions
¢ € Q°(V, N V4, iR) such that
(A" = A")|v, v, = d.

Put
Ky :=exp(fy) € T

Since w € HY(M, 2miZ) is integral, it follows that
0y + 2+ £)|v.nvynv, € 2miZ.
Therefore the cocycle property
(kG ke K Vanvenv, = exp(€f + €0 +45) =1

holds. Hence we obtain a T-bundle V x” T and the associated line bundle
VXC=(VXT)xC={(md)a = (m.Bi(ms)y: meVynVh, 6€C)

for the standard T-representation C. By corollary 3.2.11 it carries the hermitian metric

((m, @)al(m, ¥)a) = P¥.

Since
Ky (dk) = de® — di® = A* — A®,

the family A% defines a connexion A. By (?7) the curvature of (A%) is given by
(dAA)% (u,v) = v - (u-dpA®) —u- (v- A) = (dAY) (1, v) = Wi (u,v).
Hence d4A = w. O
For a hermitian holomorphic line bundle, the curvature
w® = d(h*) " *oh"
defines an integer cohomology class

1 2
(L) = 59 € H*(M,Z)
called the (first) Chern class. This is a conformal invariant: If the hermitian metric (h*) is changed by

a conformal factor A" := ef h®, where f € I'(M,R), then A" := (ﬁa)_laﬁa = A® + Jf and therefore
@ = 04" = w + 907.

Since d0f = da%é f, it follows that 5 = 5w in H?(M, Z).
On a Kahler manifold M a quantum line bundle is a holomorpic hermitian line bundle whose
Chern connexion has curvature w. We may also consider the scale of all k-th powers, with the inverse

% being interpreted as Planck’s constant.
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Lemma 2.4.2. If a hermitian holomorphic line bundle (LL,h) on a Kdhler manifold satisfies
R (u,v) = 0,0, 10g hy,

then wy, is the curvature of the Chern connexion Oh. Thus (L, h,0h) becomes a (pre)-quantum line
bundle.

On a complex manifold M a smooth function ¢ : M — R is called plurisubharmonic (in short,
plush) if the Levi form
_ 92
0;0;0(m)) = —(m
(OD36m) = (55— (m))
is positive (semi-definite). If (??) is strictly positive, the £ is called strictly plurisubharmonic. In this
case the (1, 1)-form

00t =y 9,0t
(2%}
on M is a strictly positive (imaginary) symplectic form on M. Consider the hermitian metric h,, =
exp £(m) on the holomorphic line bundle.

e Jordan manifolds

Example 2.4.3. For the holomorphic tangent bundle on P! Proposition ?? and (?7?) yield the curvature
(1,1)-form

_ z 1 z
OA”° :—QQ%dEAdzz—&cF/\d M
0z (1+ 2z)? (14 2%)2 (1+ 2z)2
Lemma 2.4.4.
/ dz Ndz 9
(14222 77
S2

Proof. We have
dzZ Ndz = (dx — i dy) A (dx + i dy) = 2idz A dy.

2

Using polar coordinates z = r €** and putting u := r? we obtain

1 dz Ndz _l/ dzdy
- (

2mi | (14 22)2 1+ 22 4 y2)2
s? R?

r dr 27 r dr _/ du 1 o _ 1
(1+72)2 (1+72)2 ) 14+u2 1+u’
0

2

1
f/ds
™

0

As a consequence we have

/w = —4mi.

S2
Therefore the symplectic form w of the holomorphic tangent bundle is integral, but this bundle is not
the 'minimal’ line bundle associated with an integral symplectic form.
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e Loop groups

The corresponding prequantum line bundle is the central extension viewed as a circle bundle over Q(S).

Passing to Jordan manifolds, the quasi-determinant A, ,, of an irreducible metric Jordan triple
Z satisfies
det B, , = AL,

where p is a numerical invariant called the genus. For matrices Z = K"*® we have
A, =det(l, — zw™) = det(ls — w*z).
We also have the addition formula
Az,u Azu,v = Az7u+va

which is not trivial since a p-th root is involved. It follows that the map § : R — C* defined by
5YY = AL ot

is a cocycle with values in C*. This cocycle and its integer power 6™ induces a line bundle

o,n

é n
7% % C:= (2% x C*)é C:={[m,¢la = [m“‘b,Az_’Zfb lb: ¢€C, A, ,p #0}

over Z. A holomorphic section ® € O(Z? x%™ C) has the local trivializations
(p[m,a] = [m7 a, (I)a(m)}
for a € Z, where ®° : Z — C are holomorphic functions satisfying the compatibility condition

O(207") = AT, %(m)
whenever a,b € Z satisfy A, ,_p # 0. Since Z C Z is a dense open subset via the embedding z — 2° =
[2,0], a section ® € O(Z2? x%™ C) is uniquely determined by its trivialization ® := ®°. Thus via the
mapping ® — ® we may identify O(Z2 x" C) with a vector space of entire functions on Z. Later, this
will be determined explicitly.

Proposition 2.4.5. For an irreducible *metric Jordan triple Z, the G-invariant Bergman metric on
Z C Z is given by
(ulv), = tr D(B;iu,v) = 0,0, log AT

It follows that Z x%~P C, endowed with the ®metric
([z ulllz,0]) := ALE (ulv)

is the (pre)-quantum bundle for the ° Kihler manifold Z. Similarly, the G-invariant Bergman metric on
Z D Z is given by
(ulv). = tr D(B;! ,u,v) = 8,0, log AY __.
It follows that Z? x%P C, endowed with the “metric
([, ull[z,0]) == AL _, (ulv)

is the (pre)-quantum bundle for the ° Kihler manifold Z.
Proof. We carry out the proof for the matrix case Z = C"**, where A, ,, = det(I, —zw*) and p = r +s.

We have
det adet z = det(az) = (detoL,)(z)
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and hence
det adet,u = (detoL,) u = det! (au).

It follows that
det! v = deta det’(a"*v) = deta tr(a™'v).

Therefore
Dy log det(a) = tr(a™'v).

In the non-compact setting we obtain
0, logdet(1 — 22%) = tr(1 — 22*) 710, (1 — 22%) = —tr(1 — 22*) " T20*.
Therefore
—0,0, logdet(1—22%) = tr 0y ((1—22") " '2v*) = tr (—(1—zz*)_18u(1—zz*)(l—zz*)_lzv*—i—(l—zz*)_luv*)
= tr ((1 — 229 (1 — 22%) Tt 4+ (1 — zz*)fluv*) =tr (1 —z2%)"" (uz*(l —22*) vt + uv*)
=tr (1 —2z2%)7! (uz*z(l — 2" 2) Mt Fu(l - 2 2) (1 — z*z)_lv*>
=tr (1 —22") "'l — 2*2) 7" = tr (B Ju)v* = %tr D(B; lu,v)
It follows that
tr D(B;iu,v) = —p0,0, logdet(1 — 22*) = dl,0, log det(1 — zz*)P.
In the compact setting we have A, _,, = det(l, + zw™*) and obtain
Oy logdet(1 + 22*) = tr((1 + 22*) "1 (0, (1 + 22%))) = tr((1 4+ z2*) "1 20*).
Therefore

D0y log det(1+22%) = tr 9, ((1422%) "1 20*) = tr (—(1—|—zz*)_18u(1+zz*)(1+zz*)_1zv*+(1+zz*)_1uv*)

=tr ((1 +22%)  tuz* (14 22%) Lot + (14 zz*)*luv*) =tr (1+22%)7" < —uz*(1+ 22%) " tav* + uv*)
=tr (1+22%)7" ( —uz*z(1+ 2*2) " +u(l + 2%2)(1 + z*z)_lv*)
=tr (14 22%) " tuz"2(1 4 2"2) " 'v* = tr (B L u)v* = étr D(B;izu,v)
It follows that
tr D(B; ! u v) = p0, 0y log det(1 + 22*) = 9,0, log det(1 + z2*)P.

z,—z"

For Z = C the calculation simplifies to

= -5 —20  —ut(l - 20) + 20(—uz) ur
0,0y log(1 — 22) = 9, =i -2 N h.(u|v)
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e Conformal blocks

Determinant line bundle Fix a complex structure S,. Then Q!(S,G) acquires a complex structure .J
=A
and the covariant derivative d* of A has a (0, 1)-part 0 .

Lemma 2.4.6. (Q!(S,G),J) can be identified with the space
H(S,,G°)
of all holomorphic GC-bundles over S;.

Holomorphic Quillen determinant line bundle over H'(S,, G€) with connexion whose curvature is
the Kéhler form.
L4 =det H(S;, Es) ® det HO(S,, E,)

metric defined by regularized determinants of Laplacians.
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Chapter 3

Quantum State Spaces

3.1 Reproducing kernels

On the other hand, we obtain an anti-holomorphic map
K:M - P(OM x” C))

by
w i Ky € O(M <P C)

e Jordan manifolds

Example 3.1.1. Consider the projective space P?. For 0 < i < d put
Vii={l]eP?: ¢"#0}

where [¢] := C( for 0 # p € C4*L. Define By Vin P? — G by

i . ¢
B¢l = o
Note that the fraction depends only on [(]. Since the cocycle identity is satisfied, we obtain a C*-bundle
B . i
v K € = {10 hl: = () h8{ICI = {11 = (1 G005}

over P4 = V/R. For each m € N, let C,,[¢] be the space of all m-homogeneous polynomials ¥(¢) in
¢=(¢%...,¢% € C¥L For ) € C,,[¢], define a holomorphic function v : V; — C by

i 1
¥*([¢]) R ¥(Q).-
This depends only on [¢] since 9 is m-homogeneous. For [¢] € V; NV, we have
R (50 L
¥([¢]) : o ¥ (¢)

by definition. Hence the finite family (1) defines a holomorphic section of

B, B m
YxmC=(VxC*) x C.
~ ~ CXx
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Thus we obtain a linear map
C.l¢] = 0PI <P C,), ¥ (o)

which is a GLgy1(C)-equivariant isomorphism. After 'symmetry breaking,” C?*!, is isomorphic to the
space of all polynomials of degree < d on C?. For 0 < a < d we define a polynomial 1® in d variables
by

If ¢* # 0 then

L&
(Ca)mw (Ca""’Ca’Ca)

P(¢) =
It follows that
v =yt oof.
Conversely, let ¥%, 0 < a < d be polynomials in d variables of degree < m such that (??) holds. Then
there is a unique section ¢ € O(U xZ™ C) satistying (??). It follows that O(U xZ™ C) can be identified

with the space of all m-homogeneous polynomials in ¢ = (¢°,...,¢?). This space is irreducible under
the natural action of SLg41(C). For d = 2 we obtain the tangent bundle and

0,2
OU x C) = 0, (P%).

Example 3.1.2. The tautological bundle 7 over the Grassmannian M = G,.(K"**) has the fibre
U over U € M. Consider the dual bundle 7* and the line bundle A"7*, whose fibre over U consists of
all alternating r-multilinear maps from U to K. For any index chain 1 <11 < iy < ... <14, <7+ s of
length r there is a section g%t of A™T*, defined by

for all vq,...,v, € U. For another w € C"** we put v; := (8;,3;2) € U and f, :== B for 1 < k <,
and 8) := Srw. Then

(03 |(Br Br) = (B;Br) + (Bj2|Brw) = (B;(1 + zw")|Br)
showing that the trivialization o ,, := 0g(,,) = det(1 + zw*). Comparing with (??) we see that

ZxC=NT*
R
and hence Z x% C is the n-th power of A"T™*. The action of G on H2(Z,E) is given by

Uy @)(C) = (9cg) ™™ ®(g0)
for all ® € H2(Z, E). Here we use the fact that d.g € K.

Example 3.1.3. In the rank 1 case Z = C'*? the homogeneous line bundle Z2 x¢" C over Z = P4
has holomorphic sections K., with affine trivialization

K, (m) = (1 + (z[w))",

where w € C is arbitrary and (z|w) denotes the inner product. Thus O(Z2? x¢" C) = H,,(Z, C) consists
of all polynomials in z of degree < n, or equivalently, of all n-homogeneous polynomials in d+1 variables,
under the natural action of G = SU(d + 1). For d = 1 this space is also described by entire functions

fo, foo on C satisfying the compatibility condition
1 —n
foo(=2)=27" fo(m)

z

for all m € C*.
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More explicitly, for any w € Z there exists a global holomorphic section K,,& € O(Z?2 x‘;; C) with
local trivializations
m— K7, = D7

zZ,a—w?

since the relation (?7?) implies

n b I oY) n _ nn _ ra
Dz,afb K - Dz,afsz“*l’,bfw =D - lCz,w'

za=b zZ,a—w

Proposition 3.1.4. There is a natural é—equivariant tsomorphism

0(22 5>’N<" C)=P"(2):= Y Pul2).

m<n

Proof. Using the Faraut-Koranyi formula we obtain

Kew=K2w=DZ_y= D (=n)mK™(z—w) = Y (1™ (=n)mK™(z,w).

m<n m<n

As a special case of (??) the action of G on H2(Z, C) is given by
(U ' 2)(¢) = det(9cg) /" 2(9)

for all ® € H2(Z, C). Since
det B, ,, = DV,

where p is the genus of Z, the cocycles (??7) and (??) are related by
det B0 = (5.0)P.

On the level of principal bundles this implies

9 &P . 9 det o8 N o det 09g .
Z°xC"=7Z x C'=G x C
o o C";O

for the p-th power cocycle 6P. As a special case consider the determinant character 0 := detz k of K.
Then (?7?) implies

~ 0 aP
GxC=2>xC.
K ~
In this sense, the line bundle Z2 x¢ C is more fundamental.

Proposition 3.1.5. Let (E, ) be a holomorphic representation of K. Then, for any w € Z there exists
a global holomorphic section K& € O(Z? xT E) with local trivializations

m = K:Z,wg = B:,a—w£~

In particular, we have
K. &= K2.,€=BI_.t

Proof. This follows from (??) which implies

B;r,afb K:za*b,wg = B;T,abeﬂ' 5 = B} g = K:Z,wg'

200 b—w z,a—w
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3.2 Compact Lie Groups and Borel-Weil-Bott Theorem

Theorem 3.2.1. For a metric Jordan triple Z, the associated Jordan manifolds Z C Z C Z
Z=G/K =G/Gp,
are coadjoint orbits, for the linear functional m : § — iR defined by
mX = trop X
where 9y X = X'(0) € £ C gl(Z).

Proof. The complexified Lie algebra § = § ® C consists of all vector fields
X=a+0+0b"
where a € Z is the constant vector field,
b() = g lzibi2)
is a quadratic vector field given by the Jordan triple product, and £ = £(z2) € £ is a linear vector field.
Define an invariant inner product on g by
(a4 04 b"|a+ X+ B%) :=tr(D(a,8) + X+ D(a, b))

for all a,b,a, 8 € Z and ¢, \ € £. Via the inner product we may identify g and its dual §*. We have to
find an element m € g* ~ g such that

t=g,={X=a+0+0": moadx =0}.
Since Z is circular, we have
o .
I:=z—¢€t
e
This element generates the center of £ and corresponds to the identity on Z. Now define

mX =m(a+£0+b") = (I|X) = trl.
The commutator
[X,Y]:=dxY —dy X
yields [a,a] = 0 and [b*, *] = 0. Moreover [¢, o] = £ as a constant vector field. Moreover,
6,67 = 3165, 1235 21) = {£236,2) — 305 652} = —5 {5 0832} = —(€°B)
as a quadratic vector field. Finally,
[a,b"] = [a, %{z;b;z}] = {a;b;z} = D(a,b)z = D(a,b)
viewed as a linear vector field. Therefore
adx(a+X+6%) = [a+L+b",a+ A+ 3] = ([(,a] = [\, a]) + ([a, B7] + [6, \] = [, 7)) + ([£, B*] = [X, b7])
= (tor = da) + (D(a, ) + [6, A] = D(e,0%)) + ((A"0)" = (€°5)").

Therefore

(moadx)(a+ A+ ") =tr(D(a, B) + [¢,\]| — D(e, b)) = tr(D(a, 8) — D(«, b))
since [¢, A] is a commutator in £ For X € g we need b = ea, 8 = eor where e = +. Thus

(moadx)(a+ A+ €8*) = etr(D(a, ) — D(a, a)).

By polarization, it follows that m o adx = 0 if and only if ztrD(a,«) = 0 for all @ € Z. Since Z is
non-degenerate, this means a = 0 and therefore X € ¢. O

51



Consider a compact complex projective manifold M, with structure sheaf O. Let O¢ denote the sheaf
of germs of holomorphic sections of the g-th exterior power T9M. Then O™ belongs to the canonical
bundle of n-forms.

For any holomorphic vector bundle V over M, let O ® V denote the sheaf of germs of holomorphic
sections of V, and let OP ® V' denote the sheaf of germs of holomorphic p-form sections of V. Since M
is compact, the sheaf cohomology groups H?(M, OP ® V') are finite-dimensional complex vector spaces.
The Serre duality theorem states that H2(M,O ® V) is in duality with H"~9(M, 0" @ V*), where
V* is the dual vector bundle of V. Thus

HY (M, 0@ V) = H" {(M,0" @ V*).

e Jordan manifolds

Example 3.2.2. The group G = SLi,,,(C) contains the parabolic subgroup
0
2 po b
G_ = =
{p (0 d>}
fixing the line C (é) . Then G / G_ =P". For integers m, consider the homogeneous line bundle

O(m) = G: C = {lg, 4] = [gp, (1) 9]}

associated with the character p — (p§)™ of G_. Its holomorphic sections

CplC®,....C" m>0

G 0 m<0

H(G X C) = {
Then G x4 C = A"(T'M) and

G % C= AT M)
G_

is the canonical bundle. By a theorem of Serre, we have

HY(G % C)=0
G_

for 0 < g < n. For the n-th cohomology, we apply Serre duality:

HYG X CF =H((G % e (@G X o) =H(G % C)a@G xC)=HG "X 0O
G_ G- G_ G_ G_ G_
Thus
- m >
(G % C) = 0 ner_O’
G_ C_mm—1[¢]" n+m<0

where Cg[(]* carries the contragredient representation.

3.2.1 Borel Subgroups and full Flag Manifolds

A semisimple complex Lie algebra § with maximal torus ¢ C § has a root decomposition

=10 fa

acA
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For every root o € A there exists a unique ’coroot’ Hy, € [g,,0_,]) satisfying aH, = 2. The weight
lattice
T :={ret : \H,€ZV ac A}

is a free abelian group of rank dim {, containing the roots. The elements of T correspond to characters
of the group 7" under taking 'logarithms,” whence the notation. The Weyl group W acts on A and on

Fix a subset A C A of positive roots. There exists a unique element wy € W satisfying woAy =
—A, . Define
T,={\eT : NH, >0V aec A}

The half-sum p of positive roots belongs to Ti, since pH, = 1 for each simple (positive) root o. Define

g> = Z Jar O< = Z J—a-

acAt+ aeAt

Then we have the ’Gauss decomposition’

g=g<®tDgs.
On the Lie group level this implies that

G.-T-G-CG

is a dense open subset. Here G is assumed to be simply-connected, containing a maximal complex torus
T. Let g — g* be an involution such that

g={yecg: v"=-}

is the Lie algebra of a compact form G of G.

The Theorem of the highest weight is the following:

Theorem 3.2.3. For every A € T:_ there is a finite-dimensional irreducible g-module, denoted by QDA,
with highest weight X, and every finite-dimensional irreducible §-module is isomorphic to G, for a unique
refT,.
Thus any choice of positive roots yields a bijection
P e

where the right-hand side denotes the (discrete) set of all finite-dimensional irreducible g-modules.

3.2.2 0-Cohomology: Borel-Weil theorem

Lemma 3.2.4. For every GC-module E there is a G-equivariant mapping
E—0(G°,C), (&n) =&

defined by

(& n)g = (Elg™n)
forall&,m e E. We have

pg(§n) = & (9™ n)

Proof.
(Pg(E M) g = (£"1)) g1 = (El(919)™n) = (&lgT9™n) = (£7(9™)) g
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Assume that
b = x(b1)¢
is a highest weight vector. Then 5715
(& Me_g = (€l(b-g)™n) = (b7 g™n) = (b""E|g™n)

= (b7&lg™n) = x(b-)(E]g™n) = x(b-)(E]g™n) = x(b-)(£™n),-

In particular,

(€™ Mg = x()(E" Mg = 17X(En)g-
This shows that X
£'n e O(GC x C).
B_
Consider the simply-connected complex Lie group G with Lie algebra g.

Theorem 3.2.5. Borel-Weil Theorem: Let A\ € T and consider the induced line bundle G X%, C,

with trivial action of é<. Then

H(G X C) =

G_

QOA )\Efi
0 AT,

Here QOA is ‘the’ irreducible G-module with highest weight \.

Proof. The holomorphic sections HO(G xg C) are identified with the subspace

{(feO@GC): fp=b"f, VbeG_}.

Assume first that HO(G xg C) # 0. Then there exists a (non-zero) highest weight vector f° €
H(G xg C) satisfying

ax fO=a¥f, [l =ax f3

for all a € é+, where x is a character of Gh. For ¢ € é>, teT, de G- we have (ct)X = tX and
(td)* = t*. Hence (??) and (??) imply

foa= ()X fl=17% [0 = () fd=t72fL.

o> o o 5

If f0 = 0 then f° vanishes on the dense open subset G~ TG. C G. Hence f° = 0 by continuity,
o %

a contradiction. Thus fJ # 0 and (??) shows A = x. Since x is dominant, A € T and the second

assertion follows.

Conversely let A € T: be a dominant weight such that (??) holds. Let G y be an irreducible G-
module with highest weight \. Consider the involution g — ¢* on G such that the compact real form
G acts unitarily. Let v° € G* be a non-zero highest weight vector (unique up to a scalar multiple). For
any v € G y define a holomorphic function ¥ on G by

vy = (10g™ ).
For all b = ct € G_ we have b* € CO}’+ and hence
b M0 = b A0 = 20,
It follows that

By = (0°)(g8) o) = (b (g 0)) = (b lg ) = (070l o) = AWy o) = £
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Therefore, via the identification (?7?), we have o € H(G x2, C). The computation

(g-0)g =bg-19 = (g7 ) 0) = (°|(¢") " (g*v)) = gv,

for g,g" € G shows

It follows that the C-linear mapping

. Y
Gy —H' (G xC), v
G

is é—equivariant. We have to show that it is an isomorphism. Suppose that v = 0 for some v € G A-
Then
(g"0°lv) = (°]g*v) = 541 =0

o A\ o
for all g € G. By irreducibility, the orbit G" v is total in G,. It follows that v = 0. Thus (??) is also
injective, and the range of (??) is a G-submodule of H(G X)\é, C). For ¢ € é>, teT, de G we

have ¢ 200 = 00 = d=*00 and t~*% = t=*0. Tt follows that
20, = (0°(ctd)"*°) = (0]d M e M0) = (WO0)dMTM0) = (W°)d A A0)
_ t—A(U0|d—>\UO) _ t—)\(d—A*UO|UO) _ t_A(’UO|UO).
On the other hand, let f° ¢ HY(G xg C) be any highest weight vector. Then ¢=*f% = f° and hence
o = (M )a = fry =t f2.
Since ¢~ TG< is dense in é, a continuity argument shows

f o
(v0]%)

7=

Thus all highest weight vectors in H O(CovY X/C\? C) are proportional. Since distinct irreducible summands

would contain distinct highest weight vectors, H(G xg C) is irreducible. Therefore (??) defines a

é’—equivariant isomorphism. O
3.2.3 Parabolic subgroups and flag manifolds

We now pass from a maximal torus to an arbitrary torus. Let IT C A be a set of simple (positive) roots.
Let ® C II be any subset, including the empty set ® = ). Then

*={Hect: aH=0VY ac d}

is a subtorus whose centralizer
c:={Xeg: [X,‘i’i] =0}

is a reductive Lie algebra, with Levi decomposition
c=%0 §q>
Its semi-simple commutator ideal @‘b has itself a Gauss decomposition

o o oD oD
g =0« Dt 69g>
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where
" —<H,: acANZ - ®>Ct

2= > . 2= > g

a€EALNZ-D a€EALNZ-D

and

On the other hand, define
D DI S P D D
QEA+\Z~® QEA+\Z'@
Then the parabolic subalgebra is

o ° o d o o oD oD oD o o o o oD
Pi_="teg" oM. ="toi ot iSO . =tBI. B =g Dgs

T o . . .
since t =t @®®tand g2 @ g = g..
Thus in the non-empty case ® # () the reductive torus centralizer ®{& ﬁcb plays the role of the torus

tand g < is the unipotent radical. Compared to the line bundles in the case ® = (), we now have vector
bundles since the semi-simple part ﬁq) has higher dimensional irreducible highest weight representations.

In the special case ® = ) we have @‘Dc =0, "=t g0 = 0, since t is maximal. Therefore
“i=te Y G.=tego=g
acA

IIe

is a Borel subalgebra. In the opposite case ® = IT we have gt = £, = 0 and hence g = §_ = g is

the full Lie algebra.

3.2.4 ¢-Cohomology: Bott’s Theorem

For passing from 0-cohomology to g-cohomology, in case A is not dominant, we use reflections by simple
roots. Let ® = {0}, where o € II is a simple root. Then there is a splitting

t="tat’
where {’ := C- H, and °t:= {H € {: ¢H = 0}. The torus centralizer
c={Xeg: [X,7=0}="ta g’

is a reductive Lie algebra, and the Gauss decomposition of its semi-simple commutator ideal §° simplifies
to

@U = g—a’ 57 C : Ha’ 57 ga’ = 5[2(0)7
since §7 = g_, and g2 = g,. On the other hand, define

Ug> = Z Yas ag< = Z J—a-

aEAL\o aEAL\o

The parabolic subalgebra is

G =D DG =BT D Y ga =0 Do
a€A

Thus we have added one positive root space g, to the Borel subalgebra g_. Since dim g, = 1 we have

TG_/G_ =P
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Take E, € 9o, Fr9-, with [Ey, F,;] = H,. Since G is supposed to be simply-connected, °G_ has a
Levi decomposition

"G~ & o
where the semi-simple part G = SLo(C) has the Lie algebra

¢’ =< E,,F,,H, >
and the complex torus oT C T has the Lie algebra

t:={Het: oH=0}.
Let A € T™ satisfy m := AH, > 0. Let
"Qm =< Uy U2y« + + U2y Uy >
be the m + 1-dimensional ’spin’ representation of ,§ = sly(C). Then
H, v, =k v, Esvp € Cugya, Fovp € Cug_g

for all k, putting vy = 0 if |k| > m. Since G is assumed to be simply-connected, one can show that
+G = SLy(C) and hence the infinitesimal action on ”Qm can be integrated to an action 7 of ,G denoted

by JQOm. The highest weight vector v, satisfies p(H,)v,, = p(m)vy, for all polynomials p and hence

exp(zHy) v = "oy,

for all z € C. Now suppose that ¢ € T° N ,G. Then t = exp(zH,) for some z € C. This implies

AH, _ _zm _ m 4T
U = €70y, = exp(2Hy ) U = t Uy

N Uy = exp(zH, ) - v = €7
Since ,( centralizes “f, it follows that
(5™ Um) = (£8) 0 = (5t) 0 = 8"t 0y = 8" (tPvm) =t - (5" 0m)
for all s € (,CO?. Since the set ,,Cov‘ﬂvm is total in (,.Qcm, it follows that

t"v = t*v

for all v € aQom. Thus the two representations agree on »G N °T and therefore induce an irreducible
representation of ,G “1" which extends trivially to a representation of “G_. We denote this module by

UQO;Lo
Lemma 3.2.6. Let A\ € T* satisfy m := AH, > 0. Then there is an ezxact sequence of G_ -modules
0+ M—7G, -G, =0

such that
M=0 m=0
0=Gy—>M—=G, , =0 m>2

Proof. Define a G _-submodule
M =< vUm_2,...,V2m,Vepp >

Since
Qi/M =< Uy >
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with tvy, = ®(t)v,, and 9 - v, = Pv,, = Av,, we obtain an exact sequence
0—>M—>Q°i—>C,\—>O.
If m = AH, = 0 then M = 0 by definition. If m = AH, = 1 then
M=<v_1>=Cy_,=C,_»

since in general v; has weight \ — WT_’“U. If m = AH, > 2 then < v_,,, > is a G _-submodule of M

isomorphic to Cy_me = Cs_ . The quotient module is
oo
M/ <v_py >=G,_,.

This yields the exact sequence
0—=Csx— M —>Qi_g.

O

Lemma 3.2.7. Let 7 : G — GL(E) be a holomorphic representation and consider the restricted
representation © : H — GL(FE). Then the map

GxE—G/HXE, [g,v]— (¢9H,g"v)
H
is an isomorphism.

Proof. The calculation

l9:v] = [gh, h™"v] — (ghH, (gh)"h™"v) = (gH, g"v)
shows that the map (??) is well-defined. It is clearly surjective. To show injectivity, let (¢H, g™v) =
(g1H,gTv1). Then h:= g tg; € H and h™™v = g; "g™v = v1. Thus [g,v] = [gh, h"™v] = [g1, v1]. O

Proposition 3.2.8. Let V be a (holomorphic) 7G_-module and let X\ € T* satisfy A\H, = —1. Then

HYG x (G, ®V))=0 Vk>0.
G_

Proof. We have

TG (G V) = (G- x G @ (G x V)
G_ G_ G_

and the condition AH, = —1 implies that

"G x Gy = O(-1)

as a line bundle over "(O?,/COL = P!. By Proposition ?? it follows that

H(°G_ x Gy) = H(P',0(~1)) =0
G_

for ¢ = 0,1. On the other hand,
G x V=P xV

G_

is a trivial vector bundle by Lemma 3.2.7, since V carries a representation of ?G_ O G_. Therefore

HY("G- x (Gy ®V)) = H(("G- x G,)® ("G x V)) =0
G_ G_ G_
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for all g. The fibration
°G_]G- - G/G_ - G/°G_

induces the Leray spectral sequence

HPM(G % (Gy V)= HY(G x HICG_ x (G, ®V)).
G_ °G_ G_

The assertion follows. O
For each simple root o, the reflection s, € W acts on t* by
S¢(A) := A= (AHy)o = A — (N|o)o.
These reflections generate the Weyl group Wr(G). Define an affine action of W on t* by
w- A :=w(A+p) —p.

Lemma 3.2.9. Let o € II be a simple root and A € T* such that (A + p)H, > 0. Then, as G-modules,

A So A
H*(G x C)=H"'(G % C) VkeZ
G_ G_

Proof. Assume m = (A + p)H, > 2. Then Lemma 3.2.6 yields exact G_-module sequences
0— M — "QO;LP — ij —0,
0— ch_c,(,wp) - M — "QQ;JFP,U -0

Tensoring with G- o yields exact G_-module sequences
0>MeG ,— Gy, @G , G, =0,

0— G, 5 — M®Q°:p - "QO;H,G ®Q°:p —0.

The corresponding sequences of holomorphic G-module sheaves are also exact. Since pH, =1, Propo-
sition 3.2.8 yields

HMG x (°G, ®G_,)) =0
G-

for u = A+ pand p = X+ p — 0. Therefore the corresponding exact cohomology sequence implies

HNG x Gy) = HFY(G x (M@ G_,) =BG x G, )
G- G- G-

for all k € Z. O

Lemma 3.2.10. Let A€ T with A\ + pE T: Then, as é-modules, forallwe W

k A ket | w-
HYG X C) = H*W(G'X'C) VEkeZ
G_ G_

Proof. The proof uses induction over ¢ > 1. For { = 1, we have w = s, for some simple root ¢ and
Lemma 3.2.9 applies. Now let w = s¢---s¢ be a product of minimal length ¢ + 1, with s = s,, for
simple roots ay. Suppose we have

Sk—1"""8100 = O
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for some 1 < k < ¢. Then (sg_1---$1)s0(s1 -+ sk) = s and hence
W= S0 Sh_1Skt1- " 50
has length < ¢, a contradiction. Thus (??) cannot happen for any k. Since
s.(AT —0)=AT — 0
for any simple root o, it follows that w’ := s7 - - - sp satisfies
w o = s - s100 € AT
Putting 0 = ag we have

(W A+ p)Hy =w' A+ p)Hy = A+ p)Hy-1, >0

since A+ p € T: Applying the induction hypothesis to w’, of length < ¢, and Lemma 3.2.9 to w’ - A
we obtain G-module isomorphisms

A w’ A Sow’ X\ w-
H*(G % C) = H*(G"X C) = B¢ % " C) = H**H(G "% ©)
G- G G- G-
O
Corollary 3.2.11. Let A+ p € T: Then
oy A
H¥(G xC)=0 YEk>O0.
G-
Proof. An element w € W of maximal length satisfies w(AT) = A~. This implies that ¢ = {(w) =
dimg (O;'/G,. Applying Lemma 3.2.10 we obtain
A w-A
H*(G x C) = H"(G X C)=0
G- G
for k > 0, since k + £ > dimc G/G_. O

A linear form p € T is called regular, if uH, # 0 for all & € A. Then there exists a unique
w = w, € W such that w(u) € T,

Theorem 3.2.12. (Boit) Let ‘I)QD; be irreducible with highest weight X. If X + p is singular, then
H*G x ®G,)=0
*G_
for all k > 0. If X+ p is regular, let w € W be the unique element such that w(A + p) € Tj_ Then

{éwix k= |wl

HYG x ®GY) = )
( =1, k# [w|

tel
Here Qow.k is 'the’ irreducible G-module of highest weight w - \.

Proof. We first consider line bundles over G_. (®

={.). Choose w € W with w-A+p =w(A+p) € T:
Assume first that A\ + p is singular. Then w - A+ p

= w(X + p) is also singular. Thus there exists a



simple root o with (w- A+ p)H, = 0. Hence (w - A\)H, = —pH, = —1. Applying Lemma 3.2.10 and
Proposition 3.2.8 (for V' = C) we obtain

o A o WA
HYG % ©) = H*(G'X C) =0,
G_ G_

Now let A + p be regular. Then w is unique. Since w- A+ p € Ti, Lemma 3.2.10 implies

o A s whawe A o WA
H*G % C)=H"* (G x ~C)=H"G x C)

for all k£ € Z. For k < 0 this vanishes trivially. For & > 0 this vanishes by Corollary 3.2.11. For k =0
we obtain
0,2 A 0/ /2 w-A
H*(G x C)=H"(G x C)=G,,.»
G- G-
by the Borel-Weil Theorem 3.2.5. Here we use that w- A € T: since w - A + p is regular, so that
(w-A+p)H, > 1 for all simple roots o, and therefore (w-A\)H, = (w-A\+p)Hs—pHy = (w-A\+p)Hs—1 >
0. O

The final step in the proof is achieved by

Proposition 3.2.13. Let ‘I’QQ; be an irreducible holomorphic representation of‘bCoL with highest weight
M. Then, as G-modules,
H*(G x G))=HNG x ®G,) YEk>o.
G- G

Proof. We first show that
000 A B4
H("G- % 0) =G,
G-

is an irreducible ® G-module of highest weight A. The parabolic subgroup ®(7_ has a Levi decomposition
<I>C°717 _ q>ff ‘I’é' <I>(°;v<

where ®G is semi-simple and connected, ®7° C T is a complex torus and ®G. is the unipotent radical
of ®G_. We have

G =T GG =T G T G G =T G G =G G_.

Since the unipotent radical always acts trivially we have to check the actions of @ and ®7T on
HO(*G_ x3, C). The semi-simple Lie group ®G has the Borel subgroup

(I)G07 = (bj—‘ <I>(°;<.

It follows that -
*G_)G_ =G =*G/*G .
Hence the inclusion map ¢ : *G — ®G_ induces a biholomorphic map ¢ : ‘bé/q’é’, — éé,/é,
satisfying
. o — Y
S(PG x Gy)=%G X C,
G- G-

where A’ := A|;». This implies
o A o N
H°(*G_ x C)=H"(*G x C)

G_ *G_
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as ®G-modules. Applying the first part of the proof (Bott’s theorem for line bundles) to ®G/2G_ it
follows that

o N o
HO((I)G X C) = @Q}\/
*G_

is an irreducible ®*G-module of highest weight \. Let f° € zel y be a highest weight vector. Since
HO(*G_ X/c\? C) is irreducible under ®G, it is ’a fortiori’ irreducible under ®G_. In order to find its

highest weight, recall that

H(*G_ x Gy)={f€O(*G): f(ph)=b"" f)Vpe®G_, beC }.
G_
For t € ®T and p = scu, with s € ‘bé, c € ‘Df, u € q>C°¥< we have t~1sc = sct—! since T ®(@ is the
centralizer of ®T" in G. Let A := As;. Then

(¢ )y = O D) = [ seu) = O se) = [O(set ™) = 7 fO(se) = ¥ fO(scu) = ¥ fO(p).

Hence fO is a highest weight vector for the weight A = (X, \”) under the action of T = ®°T ®°T.
Therefore (??) holds. Under the inclusion map ¢ : *G_/G_ — G/G_ the pull-back is the homogeneous
line bundle

2 . .
(G x C)="G_ x G,.
G G

Applying the Leray spectral sequence

H"(G x Gy) = HP(G x HY(*G_ x Gy))
G_ G G_

to the special case ¢ = 0 and using (??) yields the assertion
H*(G x G))=HMG x H°(®G_ x G))=HNG x ®G)).
G- *G_ G- LIel
O

Let G/T be a compact flag manifold, where T is the centralizer of a torus. Consider the complexified

Lie algebra

g€,

with Cartan subalgebra t€ and Weyl group W := N(T)/T. For every w € W we obtain a Borel

subalgebra g¥ C g€ such that

gy Ng? = €.

Tca
torus, centralizer Cq(T) G/Cq(T) flag domain

3.3 Compact Kahler Manifolds and Kodaira Embedding The-
orem

3.3.1 Chern Classes, Divisors and Positivity

Recall that for a positive definite hermitian metric

> hijdetdz

.7
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with (h;;) > 0 positive definite, the associated (1, 1)-form

—iw =Y hijdzt AdF
2]

is called a Kahler form if dw = 0.

Lemma 3.3.1. On a ballU C C" a (1,1)-form w is closed if and only if —iw = JOK for some smooth
real function K.

Proof. O

Corollary 3.3.2. The (1,1)-form w associated with a “metric h is a Kdihler form if and only if for a
covering (V) there exist smooth functions K, : Vo, = R such that

—iw|Va = 85[(,1
for all a.

Proof. dw = 0 if and only if w|y, is closed for all a. O

A smooth function K : M — R is called °plurisubharmonic if the hermitian Levi form

’K _
——— dz'dZ’
Z azzazj zaz

.9

is Opositive. In this case

_ K ) )
—iw = 00K = —— dz"* NdZ
w ; 55 z Z
is a Kéahler form.

Proposition 3.3.3. P" is a Kdhler manifold.

Proof. For 0 <a <mnlet 2/ = (2°,...,2% ...,2") with zj:g—i. Define K, : V; - R by

Ko[(] =log(1+ (2'|z)) = log(1 + ) _|27[*) =log(1 + ) \%IQ) = log|¢|* —log [¢*[*.

i#a i#a
Then on V, NV}, we have
b
Kald) = Kol¢) = log | &5 * = log |o%(2)* = log o, + Iog

evaluated on U, N Uy. Hence 00K, = 00K, on U, N U, and we obtain a global (1,1)-form w with
—iw = 00K, on U,, satisfying —idw = (0 + 0)00K, = 000K, = —000K, = 0. For positivity, we
compute

_ — "dz")

3K, = Blog(1 + (#])) = 1)

og(1+ (2']2)) 1+ (7]2)
and hence
- a(2'dz") 1 1 4 C(dZ2) A (2d2)
00K, = ANdZ)= ————— N di AdZ —
L@ O ) N = T 2 -
1 . o , A
= 1+ (Z|2) —z'27) d2* AdZ.
1 1| ~1))2 Z ( 2
0+ 2 2,

By Cauchy-Schwarz, the n x n matrix (67 (1 + (2|2)) — 2'27) (for indices 0 < 7,5 < n distinct from a)
is positive definite. Hence w is a K&hler form. O
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Definition 3.3.4. The Chern class of a cocycle line bundle V x? C is the integral 2-cocycle

8 1
e(V X C) ~ —(log f +log i + log 7) € H*(M, Z).

Lemma 3.3.5. In terms of a metric h® satisfying h®|B2|?> = h® the Chern class is cohomologous to the
family of closed (1,1)-forms
1 —
F)~ —0dlogh®.
e(F) 2mi o8

Proof. Identifying the Cech and Dolbeault description, the closed (1,1)-forms d9log h® correspond to
the Cech 2-cocycle log 82 + log 3¢ + log B2. O

Definition 3.3.6. A line bundle L on M is said to be "positive on an open subset V.C M, if
ic(L) ~ Y higdz' A dZ,
,J
where (hy;) is °positive on V.
In general, let D C M be a divisor (irreducible subvariety of codimension 1) in a compact complex

manifold M. For a coordinate cover (V,) there exist holomorphic functions f, : V, — C such that
DNV,={m eV, : f.(m)=0}. We may choose f, such that

— fa(m)
"~ fo(m)

is holomorphic and nowhere zero on V,, N Vj. Then the cocycle (8%) € H'(M, C*) defines a line bundle

Bh(m)

B
[Dl=VxC

which corresponds to the divisor D.

3.3.2 Blow-up process

Let L = C". For projective space P(L) = P"~! consider the open subsets
Vii={[] € P(L): ¢' #0} C P(L)

for 1 <i < n, with coordinate charts
R S A G (G L

The set

N:={(z[) e LxP(L): ze [} ={(z[) e LxP(L): zi(; = 2¢ V1<i,j<n}

={(2,[¢])) €L x P(L) : rank (‘Z - Z) <1}

is an n-dimensional submanifold of L x P(L). The canonical projection
m:N—=P(L), (3]~ []
is a submersion. Consider the open covering
Ni:={(z,[) eN: (" #0} =7 (Vi)
of N.
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Lemma 3.3.7. We have coordinate charts
T CM = N, T ) = (19, [, 17),
where t' € C™\,
Proof. Let t € C™"\bJ. The equality
T ) = (7,10, [t 15, 49]) = 19 (8", sty 7)) = (s7(s”, 8%, 19), [s”, s, 19])
for t* # 0 # t7 shows 4
T ) = (%t”, g,titj).
Note that

- 1 1% 1 oo
"oi o3y — [ g I\ — T 1t 4g
O

Proposition 3.3.8. Let M be a complex n-manifold and p € M. Choose a chart  : U—V cM such
that 0 € U C L andp:éoev. Put

N:={(z[])eN: zeU}.

Then the disjoint union

M = (M\p)UP(L)
becomes a manifold such that M \ p C M is an open subset and the bijective map
F:N%(V\p) UP(L) C M,

defined by
F(x [C])::{éze"/\pCM\p z2#0
’ [(] € P(L) 2=0"

is biholomorphic.

Proof. Put U, = Tl(Nl) and define charts p’ : Ui — M by

G(tH(t, 1Y) 1 #£0

p'(t) = F(tz(tlv 1), [t/? 1) = {[t/, 11'] =0

Then W; := F(N;) = p*(U;) C M are open subsets and, in view of (??) and (?7), there is a commuting

diagram
¢ F
Ny————=W; .
DA
U;

We also have the charts 0% : U, — V, covering Wy := M \ p. Thus
M=WoUWiU...UW,.

We show that the collection 0%, p’ are local charts for M (the chart & is not needed any more.) Since
p' = (FUI) o 7% the transition maps

pli=piop’ = (FUI) or)™ o (FUI) o r9) = 7079 = 7]

i
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are biholomorphic. Now let m € V, N Mg =V,NMg. On V/ := 7;(N;\ T), the diagram (??) simplifies
to
’ F ’
Ny —— Mg
|
N;\T ~— %4
Thus the identity o%(m) = p'(w) = F(7¢(w)) implies
Gao (W) = 2 = (000 F Lo ri)(w), pioa®(m) = w = (ps 0730 F)(m).

Since f is biholomorphic, the assertion follows. O

The manifold
M= (M\p)UP(L)=U/~

is called the blow-up of M at the point p.

Lemma 3.3.9. The collection of holomorphic functions
Bo: Wi Wo = C*, By(F(=[C]) = #,
BLWinW; 5 € B(F( ) =%
form a cocycle on M = (M \ p) U P(L).
Proof. Note that Bg(F(z, [€])) = 2" is non-zero since V, N P(L) = 0. On Wy N W; N W; we have

Bo(m) B](m) = BH(F~"(m)) B (F~"(m)) = B(F~ (m)) = Bo(m)

and
~i =0 i1 1 _ m

O

Lemma 3.3.10. The line bundle U x? C over M = U/ ~ associated with the cocycle (7?) corresponds
to the divisor P(L) C M. In formulas

C

2 X

[P(L)]=U

Proof. We have Wy NP (L) = . If s > 0, then every point in W; has the form

G, 1Y) tP#0

m = F(#'(t', 1), [t', 1) = {[t' 1] =0

Thus the intersection W; NP (L) on the coordinate chart W; correspond to t* = 0. Therefore, on W;NWj,

the cocycle associated with P(L) is given by :—; = B; (m). O

Our next goal is to determine the Chern class of this line bundle in terms of a metric. Choose a
smooth function h : M — R7T satisfying

for m e M\ V, and

for all z € U with (z]2) < e.
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Lemma 3.3.11. The smooth functions
B Wo — RT, R (m) := h(m),

iLi Wi — R+, Bi<pi(t/7ti)> — w

]2
define a “metric on the line bundle [P(L)] = U x? C.
Proof. If 0 < |t| < e then (?7?) implies
h(S(t'(t',1%)) _ [l 1) :
= =1t 1)1

]2 ]2
Therefore (??) defines a smooth function on W;. By Proposition ?? we need to verify the property
T Ny

for 0 <i,j <mnandm € W;NW,. Assume first i, j > 0. Let m = F(z,[C]) = p'(¢",t',t7) = pI(s", s, s7) €
W;NW;. Then z = t'(¢"",1°,t7) = s7(s",s",19) and [¢] = [t",1%, 7] = [s", s*, 19], Therefore t* = s/s’, s7 =
titd and ¢ = C(t",1%,¢7) = (7(s",s%,17). This implies t'¢7 = s7s°¢7 = s7¢* and hence

h(Gm) _ h(Gm)
EIEE

i i J
|%wm”ﬂmwﬂéﬁ

= ' (m).

On the other hand, if m € Wy NW;, for i > 0, then m = &, = pi(t', %) for z = t'(#,1%) € U \ 0. Hence
z' =t and

2 h(Gm)

Bolm)? B () = ' =555 = h(om) = B ().

Corollary 3.3.12. The Chern class is given by the family of (1,1)-forms

c([P(L))) = et g C) ~ (2%53 log B‘)”

£=0

Lemma 3.3.13. Let 7 : M — M be the canonical projection, mapping P(L) to p. Then the (1,1)-form
90(hom +logh') = n*(99h) + 00 logh')

on Wy is ®positive on a neighborhood of P(L) C M.

Proof. For fixed ¢ > 0 and (¢|t) < e the condition (??) implies

Rt ) = (#1912 = 1+ (¢|t),

Putting (¢/|dt') :== S> 0 dF’, (dt'|[t') := S>F dti, we have
it i#t

5 noy . OWNE)  (#dt)
dlog(1+ ('[t")) = 1+ (¢]t) T 14 't

and hence

_ sy O(t'|dt’) (dt'|t") (t'|dt")
90log(1+ (F1)) = Ty ~ T+ (o) " T+ (@]t
(@r'|t) A (F]dt’)

(14 (#']t1))?

1 S

:75 8 dt' A dP —
1 1|4/ 2
+(t\t)i’j#
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- ;))2 S it dE (504 (1))~ F ).

1+ 52
The matrix A7 := §7(1 + ('|t")) — ' 7 corresponds to the hermitian form
(&) = (')A + ) = ' 1E)E ) = (') + ((§'|?7')(t'|f') - (€'|t')(t'|77’))~

By Cauchy-Schwarz, this is semi-positive but vanishes on the hyperplane ' = 0. We need the extra
h-term for positivity: Near P(L) we have ||t||? < € and hence P*(00h) = P*(90(z|2)), with z = t/(¢', 1¢)
and (z|z) = [t/|?(1 + (#'|t")). Therefore

B(elz) = (21 + (¢1)) = @)1+ (¢1) + [#12 D¢ = (¢ (1 + ¢'¢) + 1 (¢ )
and hence
80(2)2) = O dE ) (1 + E'|t') — (t'dE) A O(L + ') + (OIt2) A (¢)dt)) + |12 Ot |dt)
= dt' AdT(L+ ) — (5dT) A (A ) + (Fde) A ()dt) + |82 dd A dE
J#L
By (?7?), the divisor P(L) corresponds to z = 0. On W, this is equivalent to t* = 0. If ¢ = 0 then
00(2)2) = dt’ AdE (1 +H|t).
By continuity, it follows that the sum
99(h o +logh') = 89((2|2) + log(1 + (¢'|t')))
is positive definite on a neighborhood of P(L) in W,. O
Proposition 3.3.14. The Chern class of the divisor P(L) C M is negative:
cP(L)] <0
near P(L).
Proof. By Lemma ?? P*(90h) + 99 (log h) is strictly positive near P(L). Now
90(hom) = 0d(n*h) = dO(m*h) ~ 0

is null-cohomologous in M. Hence ¢[—P(L)] is cohomologous to a positive line bundle. O

3.3.3 Proof of the Kodaira embedding theorem

Proposition 3.3.15. The canonical line bundles K(M) and K (M) are related by
K(M) = x*K(M) + (n - 1)[P(L)],

where ™ : M — M. is the canonical projection.

Proof. Relative to the coordinate charts ¢ : U, =V, C M \ p and 6 : U — V > p, the canonical line
bundle of M is given by the cocycle

Jg:det% on V,NYV,
Ja:det% onVaﬁf/.

68



Passing to M, with coordinate charts o : U, — V, C Wy and p' : V; — W;, the cocycle (7?) is
supplemented by

. Op; _ .
Jo=det 922 on M;NV,

{Jf =det 220 on W; N W

Now let s = p’(t) = p o p'(t). Then 6(7*(t)) = 6(77(s)) and hence

('t 1) = (575", 5750 s7).

Therefore ) )
) N 1 t’ 1
S] = tzt], SZ = — =, S// = f,t// = *,t//
s7 tJ s7 t7
The partial derivatives a‘iisi = 0, %sj = ¢, 8‘2,“9’“ = 0, %si = ﬁ, %sj = t, %sk =

_tk ; ; 54 . . .
ﬁ, %sl =0, %33 =0, a—‘?kse = 4% yield the Jacobi matrix

90 0 t 0
N B

with determinant
0 Pi 1

det 0 t7 1

- , € . . = .

Op;  (B9)"2 -1/ ) (@)

Finally, let 0%(w) = pi(t) = 6(m), where z = (', ). Since 2* = ¢!, ¥ = t't* we obtain 9zt — 1 Ozf —

ati > ot
th, 920 =0, 920 = ¢i§¢. Therefore
oz (1t
&‘(oﬂf>

JJ = det

Otk ’ Otk

has the determinant
0z

det — = (tH)n L.
ot = = (t)
It follows that 5 5 5 5 9
Ow _ 0w 02 vy g D0 i 00
det T = det P det T (t") det P ()" " det 55

O

Proposition 3.3.16. Let E be a strictly positive line bundle on M. For distinct p,q € M consider
M = (M{lz)(}L))?q(}L), with canonical projection w : M — M. Then for k sufficiently large, the bundle
km*E — K — [Py] — [Py] on M is strictly positive.

Proof. By Proposition 7?7 we have
F:=kr"E - K;; — [Pp] — [Py] =7"(EE — Kpr) —n [Pp] —n [Pg].
It follows that
c(F) =7n"c(kE — Kp) —n c[Py] —n c[Py].

Since E > 0, there exists k so large that kE— K > 0. Then 7*(kE—Kj;) > 0 on M and 7 (kE—Ky) >
0on M\ (P, UP,), where 7 is biholomorphic. By Proposition 3.3.13, we have ¢[P,] < 0 near P, and
similarly, ¢[P4] < 0 near P,. Therefore (??) is strictly positive on M. O

Lemma 3.3.17. Let 7 : M = Mf — M where P C Mf is a divisor isomorphic to P(L). For
a line bundle L over M let O, ® L denote the sheaf of holomorphic sections M — L which vanish
at p. Let Op ® n*L denote the sheaf of holomorphic sections M — w*L which vanish on P. Then
HY(M,0p @ 7*L) = 0 implies H' (M, 0, @ L) = 0.
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Proof. Let V = (V,) be an open covering of M such that L]y, is trivial. Then V, := 7~ (V) form an
open covering Y of M. Let &, € A2 O, ® L) be a 1-cocycle. Thus @ : V,NV, — L are holomorphic
sections vanishing on Vg, N {p}. Therefore ®,p, 07 : Va N Vb — 7w*L are holomorphic sections vanishing
on Vg, N P. For any sheaf S, the canonical map

HY(V,S) — HY(M,S)

is injective. Hence the assumption 1mphes H! (V Op®7*L) = 0. It follows that there exist holomorphic
sections g : V4 — 7L vanishing on V, N P such that

Pap o =Yg — thy.
Suppose first that p ¢ V,. Then V,CM \ P and 7: V., — V, is biholomorphic. Therefore
P, =1pgom LV, > L

is a holomorphic section vanishing on V, N {p} = 0. Suppose now that p € V,. Then the restriction
7 :Va\ P — V,\ pis biholomorphic. Thus 1, o7~ ! : V, \ p — L is a holomorphic section. Since
L|y, is trivial, we may apply Hartogs’ extension theorem (for n > 2) to obtain a holomorphic section
d, : V, — L satisfying

(balVa\p = wa o 7T_1

Therefore ®, o m = 1), on V, \ P. By continuity (or analytic continuation) it follows that
Oy om =1,

on V,. This implies ®,(p) = 1q (P ) = 0. Thus we obtain a family (®,) € H°(V,0, ® L) such that
D5 = @, — Dp. Therefore (Do) =0 € H'(V,0, @ L). Since V is arbitrary and, in general,

HY(M,S) = lilr}n HYV,S),
the assertion follows. O
Theorem 3.3.18. (Kodaira Vanishing Theorem) Let L > 0. Then

HYX,0P®L)=0 Yp+q>n.

Proof. Since L > 0 the square (d*)? of its Chern connexion is the exterior multiplication e, by a
positive (1,1)-form w. which is therefore a Kahler metric. Consider the operators

T LILY CUF LR Sy, L, LI,

(Hodge-Laplacian). Thus
/\P+1 »q
APq—1

SN
S~ A

AP—La—1

and
APTLa+1

SN

[ewstw

NP4 NP4

AP~ La—1
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For Kéhler manifolds we have the Bochner-Kodaira-Nakano Identity
[ [€ws tw]-
By Dolbeault and Hodge theory we have
HY(M,Q'® L) = H%Z(M, L)

Now let u € ’H%Z(M,L) = HP(M,Q?® L). Then

/dm(DAu|u)m = /dm(aA “0u + 04 9ulu),, = /dm((*@Au|*8Au) + (8Au|8Au)m> >0
M

M
and hence
/(D ulu) = / DAu+ [€w), tw]u|u) = / DAu|u) + /([ew,Lw]u|u) > /([ew,bw]uw).
M M M M M

If [e,, L] is positive definite on each fibre, then Tu=0 implies v = 0, i.e., HP(M,Q? ® L) = 0. Since
(€w, Lw, (deg —n)I) is a so-called slp-triple, we have

([e], tulu) = (p +q — n)|ul®
which is positive for p + ¢ > n. O
Corollary 3.3.19. If ' — Kj; > 0 then

HYM,0®F)=0 Yq>0.

The Kodaira map is defined as follows: Let M be a Kahler manifold such that for all m € M there
exists ® € O(V. x” C) with @, # 0. Then O(V x# C) has finite dimension. We define a holomorphic

map
B
K:M—POWVxC)")
by the hyperplane
B
K :={®2ecO0WVxC): &, =0} =KerK},

as the kernel of the evaluation map.

The Kodaira embedding theorem (first half) is the following:

Theorem 3.3.20. Let E > 0 be a positive line bundle on a compact Kihler manifold M. Then, for k
large enough, the Kodaira map (??) for F = kE is injective.

Proof. For p # q in M consider the subsheaf O, ; ® FF C O ® F' of germs vanishing at p and ¢. Then
the so-called ’skyscraper sheaf’ S = O ® F/O, ; ® F has stalks S, = C = §;, whereas S,,, = 0 for
m € M\ {p,q}. The exact sheaf sequence

020, @F -0F—=-8—0
induces an exact cohomology sequence
0 — HY(M,0, ,®F) — H(M,00F) ~2% HO(M,S) = C&C — H'(M,0, ,oF) — H'(M,00F) — H'(M,S) —

where x;  (®) = (@g,@g), for p € V,, q € V, is the ’double’ evaluation map. In order to show that

the Kodaira map (??) is injective, it thus suffices to show that H'(M, O, , ® F) = 0, since then &, is
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surjective for every pair p # ¢. Let 7 : M — M be the canonical projection, with P := 7~ (p) = P,
and Q := 7 '(q) = P,. By Lemma ?? it suffices to show that H'(M,Op,q ® F) = 0. Now F :=
7 (kE) — [P] — [Q)] satisfies F' — K;; > 0 for k large enough, and hence, by corollary ??, we have
HY(M,0 ® F) = 0. Since

O®F =0 (n*(kE) — [P] - [Q]) = Opug @ 7* (kE)

we finally obtain H'(M,Op,q ® n*(kE)) = 0 and hence H*(M, 0, , ® (kE)) = 0. It follows that the
sheaf O @ (kn*E — [P,] — [P,]) on M satisfies

H'(M,0® (kr*E — [P,] — [P,])) = 0.
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