SOLUTION OF HOMEWORK-9

—4 0

(1) (20) [ (z + 4"z = [ 2'%z ( using theorem 1.18 and taking c=4)
) 2
-4

So, fQ(x +4)0dy = —22

Similarly the others can be done!

(2) A cubic polynomial P satisfying P(0)=P(-2)=0 has to be in the form
P(z) = z(x 4+ 2)(ax + b)

0
And it also has the property that P(1)=15, [ P(z)dz =4
9

From the above two equations we will get a+b=>5 and a-b=1.
By solving them we will get a=3 and b=2.
Hence the polynomial is 2 + 622 + 8z and it is unique.

(3) If a < b < ¢ < d and f is integrable on [a,d] then for each e > 0 I s < f <t >
d

jlt(x)dx — [s(x)dz < e

Since s < t on [a,d] therefore t-s > 0 on [a,d].

b b c c d d
So, [t— [s, [t— [sand [t— [s all are non-negative.
a a b b c c

d b c d
And also, [g= [g+ [g+ [g
a a b c

Hence [t — [s < e. So, f is integrable on [b,c].
b b

(4) Let f be defined on [-a,a] for a > 0 and f is integrable on [0,a].
0 0
Then [ f(z)dx = — [ f(—z)dx ( by using Theorem 1.19 from Apostol )

a

And fof(x)dx =— j f(z)dz ( by definition )
a 0
Hence we have fo f(x)dx = faf(—a:)dat
—a 0
a 0 a

So fof(:lr)d:v = [ f(z)dx (for even functions) and [ f(x)dz = — [ f(z)dz (for odd
—a 0 —a 0
1
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functions)
0

Since the existence of one integral implies the existence of other, therefore [ f exists.
a 0 a -

And we know, [ f(x)dz = [ f(x)dx+ [ f(x)dz

“a 0

—a
a

So, for even functions [ f(z)dz =2 [ f(x)dz and for odd functions [ f(x)dz = 0.
0 —a

—a

Let f is integrable on [a,b].
b b
Then [ f =sup{[s:s< fandsisastep function}.

b b
By definition of supremum for each € 3 a step functions > [ f—e < [s.
a a

b b
Hence [ f— [s<e.

b b
(Harder variant): Now for e > 0 3 a step function > [ f— [s < §

For the step function s 3 a partition P := {a = g, 21, X2, ..., Tpy1 = b} D s(x) =
s;onfx;_1, ;| for 1 <i<m+1

Consider « := max<i<nt1|si]

Now consider the two points (21 — 7, 51) , (71 + 5=, 52) and join the straight line
passing through this two points.
The equation of the straight line is

2na 2no €
y=— (59— s1)x + 52— — (z1 + —4na)(52 —51)

Again consider the two points (72 — ;. 82) , (2 + 15, 53) and join the straight
line passing through this two points.
The equation of the straight line is

Qna( o + 2na( n € )( )
= —(83 — S9)x + 83— —(x —)(s3 — s
Yy c 3 2 3 . 2 Ine 3 2

Similarly, for each x; we will get two points (z; — 5=, 8:) , (i + 552, Sit1)-
The equation of the straight line is

2na( ) n 2na( . € )( )
= —\S; — S; )T S; — —\Z; — ) S; — S;
Yy c +1 +1 . Ince +1
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Consider,
( 51 if € [a, 24
A (5) — 51)x + 59 — 2211 + 7)(s2 — 1) if v € [x1 —
S2 ifr € [z + =
29 (g3 — Sp)x + 53— 222 (g + 15 ) (S5 — 52) ifr € [z,
= .
%Ta(siﬂ — 8;)T + Sip1 — 2""(xZ + 752 (8i41 — 8i) ifr € [x;
L Sn ifr € [z, +

It can be easily seen that g is a continuous function on [a, b].

€ €
‘ b b . Tit g Tit g .
Consider fS—fg =>al [ s— | gt= doima{(sitsivt) g —
i~ fma T dna
Si€ n
=Yt S it = 5

Thereforeff fg—ff f3+fs—fg<e

Hence we are done

4no¢ ’
4no¢ L2 —

4na ’

4na ’

€
4na]
! + 4na]

dna
Z2 + 4na]

x; + =]

dna

T U

i) 1}

(5i+1 -
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(6) 2.4.4

We need to find the area of the region S between the graphs of f and ¢ over the in-
terval [0,2] where f and g are given by f(x) = z — 2% and g(x) = —x. Since f > g
over the interval [0, 2] we use Theorem 2.1 (from the book) to write

)= [ @) — gl = / (2 — a2

(7) The area enclosed by the ellipse is

a 2
Qb/ \J1— Zde
e a

Since, /1 — 2—; is continuous the area is measurable. After calculation, the area of
the given ellipse is mab.
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(8) 2.17.1
A(f) = 3 [, ade = 507 + ab + a?)
Similarly the others.



