SOLUTION OF HOMEWORK-8

(1) For x € R such that |x| < 1,

[ee)

(1- xz)_] = Z X"

n=0

Which clearly gives that T, [(725)] = Yoo ¥
Other parts are similar to the above problem.

(2) T3(sinx) = x — %. Hence the best approximate nonzero solution will be the nonzero root
of the equation x> = x — %. Check that V15 — 3 is a root of this equation.

3(c) If x € [-1,—3) then 2x € [-2,-1) and % € [-1, —1). Therefore [2x][4] = (-2)(-1) = 2.
If x € [3}, 0) then 2x € [-1,-0) and % € [-1, 0). Therefore [2x][£] = (-1)(-1) = 1.
If x € [0,2) then 5 € [0, 1). Therefore [2x][5] = 0. If x = 2 then [2x][5] = 4. Now one can easily
draw the graph of the function [2x][3] in the given interval [-1,2].
Other parts are similar to the above part.
-2 for xe[-1,-3
—1 for x€[-1,0)
0 for x €0, %)
1 for x € [%, 1)
4(@)[2x] =4+
i for xe[4, 8l

5 for x€[3,3)
6 for x=3
Hence [ [2xldx=1(-2-1+0+1+--+5) =6.

0 for x€[0,1)
1 for x€[1,2)

4(b) [x] =3i for xe[i,i+ 1)

n—1 for xe[n-1,n)

n for x=n
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Hence ['[xldx=1.0+1+2+--+(n-2)+(@n-1) =22

—[x]-1for xeR/Z

4(c) Note that [-x] = {—[x] for xeZ

—1f eR/Z
Hence [x] + [-x] = or X /
0 for xeZ
Let’s make a partition of [a, b] by {a = xo, X1, -+ , X,—1, X, = b} where x; fori =1,..,n — 1

are consecutive integer points lies in the interval [a, b]. Also note that [x] + [—x] takes constant
value—1 on the interval (x;_;, x,) for i=1,.

So ["([x] + [~xDdx = (=1) Z(xl - Xi-1) = —l(xn - X)) =a-
Also using Theorem 1.2 we have

fa [x]dx + fd [—x]dx = fa ([x] + [-xDdx = a — b.

0 for x€[0,1%)
1 for x e[12,2%)

4(d) [Vx] = {i for x e[+ 1)%)

n—1 for xe[(n-1)7>n?
n for x =n®
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(5) We will prove Th 1.2 and Th 1.7. Techniques for Proofs of other theorem are almost similar
to these two.

Theorem 1.2: Let s, t be two step function on the interval [a, b]. For s, ¢ there exist partition P;
and P, such that s,  takes constant value on the subinterval of corresponding partition. Now form
a new partition by taking union of P, and P,. So there exist a partition {a = xg, X1, , Xp_1, X =
b} for the interval [a, b] and constants s; fori = 1,...,nand ¢; fori = 1, ..., n so that
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Fori = 1,...n
s(x) = s; for x € (x;_1,x;) and
tix) = t; for x € (x;i_1,x)

clearly then we have that (s + £)(x) = s(x) + #(x) takes the value s; + #; on the interval (x;_i, x;)
fori =1,...,n. Hence s + ¢ is also step function. And Note that

b n
f (5x) + H)dx = Y (5 +1)(x = xi-1)
a i=1

n

n
= Z si(x; — xi-1) + Z ti(x; — Xi-1)
i=1

i=1

b b
= f s(x)dx + f t(x)dx

Theorem 1.7: Let s be a step function on the interval [a, b]. So there exist a partition {a =

X0, X1, » Xn—1, X, = b} for the interval [a, b]. and constants s; for i = 1, ..., n so that
Fori = 1,...n
s(x) = s; for x € (xi_1,x)

Now let #(x) be the function on the interval[a + ¢, b + c] defined by
t(x) = s(x—c¢) for x € [a,b]

Now consider the partition {a + ¢ = xo + ¢, x; + ¢, -+ , X,-1 + ¢, X, + ¢ = b + ¢} for the interval
[a + ¢,b + c]. Note that as x € (x;_; + ¢, x; + ¢) we will have x — ¢ € (x;_1, x;).Then clearly
t(x) = s(x —c) = s; for x € (x;_1 + ¢, x; + ¢). And this holds for each i = 1, ..., n.Hence ¢ is a step

function and we have
b+c b+c
f s(x —c)dx f t(x)dx
a+c a+c

n

D sil(xi+ ) = (i1 + )

i=1

n

Z si(Xi = Xi-1)

i=1

b
f s(x)dx

(6) Let s, be two arbitrary step function on the interval [a, b] satisfying s(x) < g(x) forall x €
[a,b] and f(x) < t(x) forall x € [a,b]. As g(x) < f(x) forall x € [a,b]is given, we have
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s(x) < #(x) forall x € [a,b]. As s,t are step function and s(x) < #(x) on [a, b], it is easy to
verify that

b b
(1) f s(x)dx < f t(x)dx.

Now taking supremum over all step function s such that s(x) < g(x) on [a, b], in the left side of
equation (1) we get

b b
) f g(x)dx < f t(x)dx.

Now taking infimum over all step function ¢ such that f(x) < t#(x) on [a, b], in the right side of

equation (2) we get
b b
f g(x)dx < f f(x)dx.

b 7
f f(x)dx (b - a)f f((b—a)x)dx (using Th 1.19)

b—a

@)

b - a) f T (b - a)x + ﬁ))dx (using Th 1.18)

a __a
b—a b-a

1
(b—a) f fla+ (b—-a)x)dx
0



