SOLUTIONS OF HOMEWORK 10

(1) Q.1 from the exercise 5.5
f(x) = 52°
Consider P(z) = 22 then P'(z) = f(z)

b
So, by second fundamental theorem, [ f(z)dz = P(b) — P(a) = 2(b* — a*).

Q.3 from the exercise 5.5
f@)=(@+1)(a®-2)=a* 23 22 +2
Consider P(z) = 32° — 22" — 2% 4 22 then P'(z) = f().
So by the second fundamental theorem |,

ff )da = P(b) — P(a) = ($b° — $b* — b+ 2b) — (£a® — 1a* — a® + 2a).

Q.6 from the exercise 5.5
fl@)=V2r+ /5
Consider P(z) = (vV2+ L ) z/2

then P'(z) = f(z)
So, by the second fundamental theorem |,

[ f@)dz = P(b) - P(a) = {(V2+ 5)36**} = {(V2+ J5)3a*/%}

Q.9 from the exercise 5.5
f(z) = 3sinx + 22°
Consider P(z) = —3cosz + 2% then P'(z) = f(x)
So by the second fundamental theorem |,

ff )dz = P(b) — P(a) = 3[cosa — cos b] + 1[b° — af].

(2)
A = ia/bf(x)dx
B C:Zc—a/f — —c/f
= c_aA[ac]

b—a
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Take t = &2,

—a’

(3) By the mean value theorem there exists a point ¢ € [a, b] such that

f(C):l/Oal‘ndx: a”

a n—+1
a

Hence, c = —2—+.
(n+1)n

(4) VI—22<1on|0,3]. So,V1—122>1—2?forallz € (0,3). Again,

as 1 — 22 is a decreasing function on [0, ;] 11 Nip is an increasing function
1 _ 1 22
on [0, 3]. So, V1 — a2 = \/17;2_ o _fl—x ) for all z € (0, 3).
2
Hence

1 1 1
1 1 1 /i
/2(1—1‘2)dl‘§/2\/1—$2d1‘§\/;/2(1—1‘2)dl‘
0 0 0

(5) N B

1422 = 14a® -

Now 1+ 2% is an increasing function on the interval [0,a]. So, 1 < 1+ 2% <
1 4 a5. This implies,

1 ¢ 2, 4 ¢ 1 ¢ 2, 4
1—|—a6/0 (1—x +ac)dac</0 1+x2dm</0 (1 —2"+2%)dx

1 Cl3 a5 a a3 (15
e,w(a_+)<Adx<(a—3+)

(6) sint changes its sign on the interval [2m 47]. So we can’t apply
weighted mean value theorem considering sint as weight function.

(7) Suppose there exists a point ¢ € [a,b] such that f is continuous at ¢
and f(c) > 0. If ¢ € (a,b) then there exists a § > 0 such that
f(e)

|f(x) — f(o)] <T Vze(c—0dc+9)

:>f(:v)>f(26) Vae(c—06,c+0)
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/abf(x)d:): = /ac—g f(x)dac—i—/cigg f(x)dw—i—/:rg

> 0+f(20)5+0

> 0

a contradiction. So f(c) =0
If ¢ = a, then then there exists a § > 0 such that

fla)

[f(z) = fla)l < == Vze&laa+d)
= f(z) > f(;), V1€ la,atd)
Now,
b a+3 b
(0.1) / flz)dr = / f(z)dx + + 5 f(z)dx
a a a+3
(0.2) > f(2a)5 +0
(0.3) > 0
a contradiction. So, f(c) = 0.
Similarly, if ¢ = b, then also f(c) =
(8) Consider z > 0
then f + |¢))2dt = f(2t )2dt = f4t2dt 403 = 2% (3 4 |z|)
0 0
Next %Cf we consider z < 0
then [(t+ [t])?dt = f(t — )2t = 0 = 22 (2 + |)
0 0

x = 0 case is trivial. Hence we are done.

(9) A function f satisfying the following equation

x
1
/tf(t)dt =sinx — xcosT — 5:1:2 Ve e R
C

Differentiating both sides wrt x
xf(x) —cf(c) =cosx —cosx +zsine —x = z(sinx
Considering ¢ = 0 , we are getting

zf(x) =xz(sinx — 1) Vz € R

f(z)dz

_1)
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Therefore f(z) =sinx — 1 and a constant ¢ = 0.

(10) Tt is given that f” is continuous and f(7) = 1 and

T

/(f(x) + f"(z))sinxzdz = 0
0
Splitting the integral,
/f(:n) sin xdx + / " (x)sinzdx =0
0 0
Again using integration by parts formula for the 2nd integral,
/f(:n) sinzdx + (sinwf/(7) —sin0f/(0)) — /f’(x) coszdr =0
0 0
Using integration by parts formula for the last term,

/f(m) sin xdx — (coswf(m) — cos0f(0)) — /f(x) sinzdr =0
0 0

f(m)+ f(0) =0 therefore f(0)=—1.



