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Motivation of this work

Builds new bridges between various areas in mathematics utilizing the
existing links between them.

Good excuse for us to learn classical as well as cutting edge work on these
areas especially during the lock-down.

This work is motivated by applications ranging from space-time statistical
inference to machine learning algorithms.
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X = − X.
α=2 ⇒ X∼

Gaussian,

α=1 ⇒ X∼

Cauchy.

They arise as scaling limits of sums of IID symmetric random variables.

Assume:

0<α<2 ⇒ X

is non-Gaussian.
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X

eld if for

ci Xgi ∼ SαS.

i=1

The scale parameter depends on

c1 , c2 , . . . , ck ∈ R.

We will soon describe the scale parameter for each linear combination and
this will uniquely specify the joint law of

{Xg }g∈G .
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!
ci fgi
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(1)
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g1 , g2 , . . . , gk ∈ G.

The converse also holds.

{fg }g∈G :=

a (spectral) representation of

{Xg }g∈G .
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This invariant

G-action,

when seen at the level of spectral representations,

gives rise to a quasi-invariant action.
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and for all

G-action
A ∈ A,

is called quasi-invariant (or nonsingular) if for all

g∗ µ(A) = 0 ⇐⇒ µ(A) = 0.
Clearly, invariant

=⇒

quasi-invariant

but the converse is not true.
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G-action {φg }g∈G

1/α

on a

,

g∈G

σ -nite

(2)

standard measure

(Λ, A, µ).

G-action {φg }g∈G on a
σ -nite standard measure space (Λ, A, µ) and any fe ∈ Lα (Λ, µ), if we dene
{fg }g∈G by (2) =⇒ {fg }g∈G ⊂ Lα (Λ, µ) , then there exists a stationary SαS
random eld {Xg }g∈G with representation {fg }g∈G , i.e., (1) holds.

The converse also holds, i.e., for any quasi-invariant
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Broad Goal:

Carry this link forward to the realms of Geometric Group

Theory (amenable groups, hyperbolic groups, etc.) and Operator Algebra (von
Neumann algebras).
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mixing of

{Xt }t∈Z

implies that for all Borel

A, B ⊆ R,

n

1X
|P(X0 ∈ A, Xi ∈ B) − P(X0 ∈ A)P(X0 ∈ B)| → 0.
n i=1
When the underlying random eld is weakly mixing, then we can apply
ergodic theorem to investigate asymptotic properties of
estimators/algorithms, large deviation issues, long run behaviour of
solutions to SDEs, etc.
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G = Z:

When is

{Xg }g∈G

weak mixing? [Helps in proving limit theorems.]

Samorodnitsky (2005) gave a criterion based on the ergodic

theoretic properties of the underlying quasi-invariant action.

G = Zd : Wang, R. and Stoev (2013) generalized the above
d = 1) to any d ∈ N using the work of Takahashi (1971).

result (for

May 12, 2022

30 / 60

Stable Random Fields Indexed by Amenable
Groups

May 12, 2022

31 / 60

Weak mixing and Rosinski representation

May 12, 2022

32 / 60

Countable amenable groups
A countable amenable group is a countable group that admits an increasing
Følner sequence
subsets

Fn ⊂ G

Fn ↑ G,

i.e., an increasing sequence of exhausting nite

such that for all

lim

g ∈ G,

n→∞

|gFn ∆ Fn |
= 0.
|Fn |

May 12, 2022

33 / 60

Countable amenable groups
A countable amenable group is a countable group that admits an increasing
Følner sequence
subsets

Fn ⊂ G

Fn ↑ G,

i.e., an increasing sequence of exhausting nite

such that for all

lim

g ∈ G,

n→∞

|gFn ∆ Fn |
= 0.
|Fn |

The above limiting condition is called the Følner condition, which roughly
means that for large

n,

very small fraction of elements in

Fn

are moved by a

group element.

May 12, 2022

33 / 60

Countable amenable groups
A countable amenable group is a countable group that admits an increasing
Følner sequence
subsets

Fn ⊂ G

Fn ↑ G,

i.e., an increasing sequence of exhausting nite

such that for all

lim

g ∈ G,

n→∞

|gFn ∆ Fn |
= 0.
|Fn |

The above limiting condition is called the Følner condition, which roughly
means that for large

n,

very small fraction of elements in

Fn

are moved by a

group element.

Examples:

nite groups, abelian groups, groups of subexponential growth,

solvable groups, lamplighter groups, etc.

May 12, 2022

33 / 60

Countable amenable groups
A countable amenable group is a countable group that admits an increasing
Følner sequence
subsets

Fn ⊂ G

Fn ↑ G,

i.e., an increasing sequence of exhausting nite

such that for all

lim

g ∈ G,

n→∞

|gFn ∆ Fn |
= 0.
|Fn |

The above limiting condition is called the Følner condition, which roughly
means that for large

n,

very small fraction of elements in

Fn

are moved by a

group element.

Examples:

nite groups, abelian groups, groups of subexponential growth,

solvable groups, lamplighter groups, etc.
Lindenstrauss (2001):
1

Any Følner sequence in an amenable group

G

admits a tempered Følner

subsequence.

May 12, 2022

33 / 60

Countable amenable groups
A countable amenable group is a countable group that admits an increasing
Følner sequence
subsets

Fn ⊂ G

Fn ↑ G,

i.e., an increasing sequence of exhausting nite

such that for all

g ∈ G,

lim

n→∞

|gFn ∆ Fn |
= 0.
|Fn |

The above limiting condition is called the Følner condition, which roughly
means that for large

n,

very small fraction of elements in

Fn

are moved by a

group element.

Examples:

nite groups, abelian groups, groups of subexponential growth,

solvable groups, lamplighter groups, etc.
Lindenstrauss (2001):
1

Any Følner sequence in an amenable group

G

admits a tempered Følner

subsequence.
2

Along any tempered Følner sequence, pointwise ergodic theorem holds for
any nite measure preserving

G-action.
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1

Statistical:

I Such random elds arise naturally in machine learning algorithms for

structured and dependent data; see, e.g., Austern and Orbanz (2022+).

I Weak mixing is an important tool for investigating asymptotic properties

of any method/algorithm. In the context of space-time statistical inference
for max-stable elds, see Davis, Klüppelberg and Steinkohl (2013).

2

Mathematical:

I How about stable random elds indexed by groups of polynomial growth?

Even the seminal work of Gromov (1981) could not help :-(

I Avraham Re'em (2022+) [arXived yesterday!]: used the machinery of

absolutely continuous invariant probability measure + a Krengel-type
criterion + Lindenstrauss (2001)

I Mj, R. and Sarkar (2022+): applied truncation + Lindenstrauss (2001) +

Tempelman (2015).
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Recall: Rosinski (1995, 2000) representation
Given a stationary
(i) a

σ -nite

SαS (0 < α < 2)

random eld

{Xg }g∈G ,

there exist

(Λ, A, µ),
Z
1/α
α
kfe kα :=
|fe | dµ
< ∞,

standard measure space

(ii) a function

fe : Λ → R

(iii) a quasi-invariant

such that

G-action {φg }g∈G

on

and

(Λ, A, µ)

such that each real linear combination

k
X

ci Xgi ∼ SαS

i=1

!



dµ ◦ φg
dµ

,

ci fgi

i=1

where

fg = ±

k
X

(3)

α

1/α
fe ◦ φg ,

g ∈ G.

Converse also holds: given (i), (ii) and (iii), there exists a stationary
random eld

{fg }g∈G =

{Xg }g∈G

SαS

satisfying (4).

a Rosinski representation of {Xg }g∈G .
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Let
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{φg }g∈G

W ∈A

be a quasi-invariant action on

(Λ, A, µ).

is called weakly wandering if there exists a countably innite set

(not necessarily a subgroup) such that

{φg (W ) : g ∈ L}

L⊆G

is a pairwise disjoint

collection.

Roughly speaking, elements of a weakly wandering set do not come back to
itself very often by the shift of this action.

Denition

{φg }g∈G is called null if
weakly wandering subsets.

The action

Λ

is the measurable union of all of its

Intuitively speaking, a null action does not come back very often.
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dependence because

...

a null action does not come back very often, and hence
asymptotically independent (of

Xe ,

say) as

g

some suitable metric) from the identity elemnt

Xg 's

tend to become

moves far and far away (in

e.

This weaker dependence / asymptotic independence may manifest itself in the
form of weak mixing.

We have been able to prove this formally only when

G

is amenable. We believe

that our result may be true for a much bigger class of groups and/or actions.
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Weakly mixing random elds indexed by amenable groups
Let

G

be a countably innite amenable group and

{Fn }n≥1

is any increasing

Følner sequence.
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Følner sequence.

Dye (1965) [Cor 1, pg 129]

or

Bergelson and Gorodnik (2004) [Thm 1.6] :

{Xg }g∈G is weakly mixing if and
g1 , g2 , . . . , gk , h ∈ G and for all Borel A, B ⊂ Rk ,

A random eld

only if for all

k ≥ 1,

for all



1 X
P (Xhg1 , Xhg2 , . . . , Xhgk ) ∈ A, (Xg1 , Xg2 , . . . , Xgk ) ∈ B
|Fn |
h∈Fn

 

−P (Xg1 , Xg2 , . . . , Xgk ) ∈ A P (Xg1 , Xg2 , . . . , Xgk ) ∈ B → 0
as

n → ∞.
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P (Xhg1 , Xhg2 , . . . , Xhgk ) ∈ A, (Xg1 , Xg2 , . . . , Xgk ) ∈ B
|Fn |
h∈Fn

 

−P (Xg1 , Xg2 , . . . , Xgk ) ∈ A P (Xg1 , Xg2 , . . . , Xgk ) ∈ B → 0
as

n → ∞.

Choose the Følner sequence to be increasing and tempered according to
Lindenstrauss (2001). These will give us analytic and ergodic theoretic
advantages, respectively.
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One of our main results
Theorem (Mj, R. and Sarkar (2022+))

X := {Xg }g∈G is a
α-stable (0 < α < 2) random eld generated by a
quasi-invariant G-action {φg }g∈G in its Rosinski representation. Then X
weakly mixing if and only if {φg }g∈G is a null action.
Supoose

G

is a countably innite amenable group and

left

stationary symmetric
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Examples:
Many canonical actions of discrete Heisenberg groups are null.
Whenever an amenable group

G

has a nontrivial Furstenberg-

Poisson boundary (e.g., this is the case for lampligter groups on

d≥3

thanks to the seminal work of Erschler (2011) and

Zd

with

Lyons and

Peres (2021)), the bounadry action is null.
There are many solvable groups (e.g., suitable discrete subgroups of Lie
groups) that admit many natural null actions.
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Lindenstrauss (2001) proved pointwise ergodic theorem for nite measure
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Tempelman (2015) observed that the maximal ergodic theorem
established by Lindenstrauss (2001) actually holds for any

σ -nite

measure preserving action, and used this observation to prove a pointwise
ergodic theorem (along any tempered Følner sequence) for bounded
Lamperti representations of an amenable group

G

into

Lp -spaces

for

p > 1.
We apply this result + a truncation argument to establish our result for
any amenable group

G

provided the underlying action is (σ -nite)

measure preserving.
Generalization from the measure preserving to the quasi-invariant case is
carried out using Maharam (1964) skew-product.
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Recall: Rosinski (1995, 2000) representation
Given a stationary
(i) a

σ -nite

SαS (0 < α < 2)

random eld

{Xg }g∈G ,

there exist

(Λ, A, µ),
Z
1/α
α
kfe kα :=
|fe | dµ
< ∞,

standard measure space

(ii) a function

fe : Λ → R

(iii) a quasi-invariant

such that

G-action {φg }g∈G

on

and

(Λ, A, µ)

such that each real linear combination

k
X

ci Xgi ∼ SαS

i=1

!



dµ ◦ φg
dµ

,

ci fgi

i=1

where

fg = ±

k
X

(4)

α

1/α
fe ◦ φg ,

g ∈ G.

Converse also holds: given (i), (ii) and (iii), there exists a stationary
random eld

{fg }g∈G =

{Xg }g∈G

SαS

satisfying (4).

a Rosinski representation of {Xg }g∈G .
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is a Rosinski representaion of

X.

Thanks to a truncation argument, enough to show (5) when
1
2
3

µ is a nite measure,
fe is bounded, and
dµ◦φg
dµ , g
bounded away from zero and bounded above.
the Radon-Nikodym derivatives

ωg :=

∈G

are uniformly

Finally, establish (5) using Tempelman (2015) and Maharam (1964)
skew-product:


G y Λ × (0, ∞), µ ⊗ Leb

by

g

−1


.(x, y) =

y
φg (x),
ωg (x)


.
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Linking Stable Random Fields
with von Neumann Algebras
and Hyperbolic Geometry
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In other words, if two stationary
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random elds (not necessarily indexed

by the same group) have isomorphic minimal group measure space
constructions, then do they have similar probabilistic properties?

This question parallels the theory of

W ∗ -rigidity

(a term coined by Sorin Popa

- see the survey of Ioana (2018)). See also the ICM 2018 lecture of Adrian
Ioana from YouTube.

Theorem (R. (2020+) for
Weak mixing is a

W

∗

G = Zd ,

Mj, R. and Sarkar (2022+))

-rigid property for stationary SαS random elds indexed

by amenable groups.
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Connection to orbit equivalence
Corollary (R. (2020+) for

G = Zd ,

Mj, R. and Sarkar (2022+))

If two stationary SαS random elds indexed by (possibly two dierent)
amenable groups are generated by orbit equivalent free quasi-invariant actions,
then one is weak mixing if and only if the other one is so.
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Mj, R. and Sarkar (2022+))

If two stationary SαS random elds indexed by (possibly two dierent)
amenable groups are generated by orbit equivalent free quasi-invariant actions,
then one is weak mixing if and only if the other one is so.

The indexing groups being possibly dierent ones is actually very useful in the
context of orbit equivalence.
The seminal result of Connes, Feldman and Weiss (1981) states that any
quasi-invariant action of an amenable group (more generally, any amenable
action) is orbit equivalent to a quasi-invariant

Z-action.

Therefore, it is now possible to associate a stationary
stationary

SαS

SαS

process to any

random eld indexed by an amenable group in a weak mixing

preserving manner. This may help in classication of such elds.
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is the exit measure of many (transient) random walks

e.

In this case, it is well-known that the action is null.

Theorem (Mj, R. and Sarkar (2022+))
The stationary SαS random eld indexed by

G

and generated by the above

boundary action is mixing and hence is weakly mixing.

We have shown the same for many such natural geometric actions on various

G = Fd , d ≥ 2

(σ -nite) measure .

negatively curved spaces, e.g., the double boundary action of

Fd y Λ = ∂Fd × ∂Fd \ Diagonal, µ =

a suitable
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Thank You Very Much for Your Patience.
Denition of
Group Measure Space Construction +
References

Supplementary Material:
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Koopman representation
G-action {φt }

lifts to the space of all real-valued measurable functions on

S

by

σt g = g ◦ φt , t ∈ G.
This lifted action preserves the

However, for each

L∞ -norm

but not other

t ∈ G, πt : L2 (S, µ) → L2 (S, µ)


(πt g)(s) = g ◦ φt (s)

Lp -norms.

given by

1/2
dµ ◦ φt
(s)
, s∈S
dµ

denes an isometry. The unitary representation

{πt }t∈G

of

G

inside

L2 (S, µ)

is called the Koopman representation.
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The crossed product relation

Using the cocycle relationship

dµ ◦ φuv
dµ ◦ φu
=
σu
dµ
dµ



dµ ◦ φv
dµ

, u, v ∈ G,

a ∈ L∞ (S, µ) (thought of as acting
2
all t ∈ G and for all g ∈ L (S, µ),

one gets that for all
multiplication), for



on

L2 (S, µ)

by

(πt a πt−1 g)(s) = ((σt a)g)(s), s ∈ S.
In other words, the Koopman representation normalizes

2

B(L (S, µ)).

(6)

L∞ (S, µ)

inside

The group measure space construction is a space, where the

crossed product relation (6) is internalized.
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Group measure space construction
Consider the von Neumann algebra

B(l2 (G) ⊗ L2 (S, µ)) = B(l2 (G)) ⊗ B(L2 (S, µ))
(with the closure being taken with respect to the weak/strong operator

also represent

G by t 7→ ut := λt ⊗ πt , where {λt } is
{πt } is the Koopman representation. We
a 7→ 1 ⊗ Ma , where Ma is the multiplication (by

a)

can be checked that the following internal crossed

topology). Dene a representation of
the left regular representation and
operator

L∞ (S, µ) by
2
on L (S, µ). It

product relation holds:

ut (1 ⊗ Ma )ut−1 = 1 ⊗ Mσt a .
Dene the group measure space construction (also known as crossed product

construction) as

L∞ (S, µ) o G := {ut , 1 ⊗ Ma : t ∈ G, a ∈ L∞ (S, µ)}00 .
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Connections to ergodic theory
It can be shown that the internal crossed product relation implies that any

P
x ∈ L∞ (S, µ) o G can be uniquely written as x = t∈G at ut with
{at : t ∈ G} ⊆ L∞ (S, µ). Thus, we can view x as a |G| × |G| matrix
∞
entries coming from L (S, µ) that are the same along each left

with

group-diagonal; see, e.g, Jones (2009).

Theorem (see, e.g, Peterson (2013))
The following results hold for a nonsingular G-action {φt } and the
corresponding group measure space construction dened above.
1

If the action
∞

{φt }t∈G

2

If

L (S, µ) o G

3

If

{φt }t∈G

is free and ergodic, then

is a factor, then

{φt }t∈G

{φt }t∈G

is a factor.

is ergodic.

is free and ergodic, then the factor

if and only if

L∞ (S, µ) o G
L∞ (S, µ) o G

is of type

II1

is a positive action.

Furthermore, if the two nonsingular actions (not necessarily of the same
group) are orbit-equivalent, then the corresponding group measure space
constructions are isomorphic as von Neumann algebras
May 12, 2022

59 / 60

References

May 12, 2022

60 / 60

J. Aaronson (1997): An Introduction to Innite Ergodic Theory . American

Mathematical Society, Providence.
J. Athreya, M. Mj and P. Roy (2022+): Stable Random Fields,

Patterson-Sullivan measures and Extremal Cocycle Growth. Probability

Theory and Related Fields , to appear; arXiv:1809.08295.
C. Béguin, A. Valette and A. Zuk (1997): On the spectrum of a random

walk on the discrete Heisenberg group and the norm of Harper's operator.

J. Geom. Phys. 21:337356.
A. Bhattacharya and P. Roy (2018): A large sample test for the length of

memory of stationary symmetric stable random elds via nonsingular

Zd -actions.

J. Appl. Probab. 55:179195.

O. Bratteli and D. W. Robinson (1987): Operator algebras and quantum

statistical mechanics. 1 . Texts and Monographs in Physics. Springer-Verlag,
∗
∗
New York, 2nd edition.

C

- and

W

-algebras, symmetry groups,

decomposition of states.
S. Cohen and G. Samorodnitsky (2006): Random rewards, fractional

Brownian local times and stable self-similar processes. Ann. Appl. Probab.
16:14321461.
A. Connes (1976): Classication of injective factors. Cases

λ 6= 1.

II1 , II∞ , IIIλ ,

Ann. of Math. (2) 104:73115.
May 12, 2022

60 / 60

A. Connes, J. Feldman and B. Weiss (1981): An amenable equivalence

relation is generated by a single transformation. Ergodic Theory Dynam.

Systems 1:431450 (1982).
C. Dombry and N. Guillotin-Plantard (2009): Discrete approximation

of a stable self-similar stationary increments process. Bernoulli 15:195222.
C. Dombry and Z. Kabluchko (2017): Ergodic decompositions of

stationary max-stable processes in terms of their spectral functions.

Stochastic Process. Appl. 127:17631784.
V. Fasen and P. Roy (2016): Stable random elds, point processes and large

deviations. Stochastic Processes and their Applications 126:832  856.
D. Gretete (2011): Random walk on a discrete Heisenberg group. Rend.

Circ. Mat. Palermo (2) 60:329335.
C. Hardin Jr. (1981): Isometries on subspaces of

Lp .

Indiana Univ. Math.

J. 30:449465.
C. Hardin Jr. (1982): On the spectral representation of symmetric stable

processes. Journal of Multivariate Analysis 12:385401.
M. Hochman (2010): A ratio ergodic theorem for multiparameter

non-singular actions. J. Eur. Math. Soc. (JEMS) 12:365383.
A. Ioana (2011):

W ∗ -superrigidity

for Bernoulli actions of property (T)

groups. J. Amer. Math. Soc. 24:11751226.
May 12, 2022

60 / 60

A. Ioana (2018): Rigidity for von Neumann algebras. In Proceedings of the

International Congress of MathematiciansRio de Janeiro 2018. Vol. III.
Invited lectures . World Sci. Publ., Hackensack, NJ, pp. 16391672.
K. Jarrett (2019): An ergodic theorem for nonsingular actions of the

Heisenberg groups. Trans. Amer. Math. Soc. 372:55075529.
V. F. R. Jones (2009): Von Neumann Algebras . Lectures Notes, University

of California, Berkeley.
https://math.berkeley.edu/ vfr/MATH20909/VonNeumann2009.pdf.
P. Jung, T. Owada and G. Samorodnitsky (2017): Functional central

limit theorem for a class of negatively dependent heavy-tailed stationary
innitely divisible processes generated by conservative ows. Ann. Probab.
45:20872130.
S. Knudby (2011): Disintegration theory for von Neumann algebras .

Graduate Project, University of Copenhagen.
U. Krengel (1985): Ergodic Theorems . De Gruyter, Berlin, New York.
E. Lindenstrauss (2001): Pointwise theorems for amenable groups. Invent.

Math. 146:259295.
T. Mikosch and G. Samorodnitsky (2000): Ruin probability with claims

modeled by a stationary ergodic stable process. Ann. Probab. 28:18141851.
F. J. Murray and J. Von Neumann (1936): On rings of operators. Ann. of

Math. (2) 37:116229.
May 12, 2022

60 / 60

T. Owada and G. Samorodnitsky (2015): Maxima of long memory

stationary symmetric

α-stable

processes, and self-similar processes with

stationary max-increments. Bernoulli 21:15751599.
S. Panigrahi, P. Roy and Y. Xiao (2018): Maximal moments and uniform

modulus of continuity for stable random elds. arXiv:1709.07135.
J. Peterson (2010): Examples of group actions which are virtually

W ∗ -superrigid.

arXiv:1002.1745.

J. Peterson (2013): Notes on von Neumann algebras . Lectures Notes,

Vanderbilt University.

https://math.vanderbilt.edu/peters10/teaching/spring2013/vonNeumannAlgeb
S. Popa (2006): Strong rigidity of

w-rigid

II1

factors arising from malleable actions of

groups. II. Invent. Math. 165:409451.

S. Popa and S. Vaes (2010): Group measure space decomposition of

factors and

W ∗ -superrigidity.

II1

Invent. Math. 182:371417.

S. Popa and S. Vaes (2014): Unique Cartan decomposition for

II1

factors

arising from arbitrary actions of free groups. Acta Math. 212:141198.
S. Resnick (1992): Adventures in Stochastic Processes . Birkhäuser, Boston.
S. Resnick and G. Samorodnitsky (2004): Point processes associated with

stationary stable processes. Stochastic Process. Appl. 114:191209.
J. Rosi«ski (1994): On uniqueness of the spectral representation of stable

processes. J. Theoret. Probab. 7:615634.
May 12, 2022

60 / 60

J. Rosi«ski (1995): On the structure of stationary stable processes. Ann.

Probab. 23:11631187.
J. Rosi«ski (2000): Decomposition of stationary

α-stable

random elds.

Ann. Probab. 28:17971813.
J. Rosi«ski and G. Samorodnitsky (1996): Classes of mixing stable

processes. Bernoulli 2:3655378.
E. Roy (2007): Ergodic properties of Poissonian ID processes. Ann. Probab.

35:551576.
E. Roy (2012): Maharam extension and stationary stable processes.

Ann. Probab. 40:13571374.
P. Roy (2010): Ergodic theory, abelian groups and point processes induced

by stable random elds. Ann. Probab. 38:770793.
P. Roy (2017): Maxima of stable random elds, nonsingular actions and

nitely generated abelian groups: a survey. Indian J. Pure Appl. Math.
48:513540.
P. Roy and G. Samorodnitsky (2008): Stationary symmetric

α-stable

discrete parameter random elds. J. Theoret. Probab. 21:212233.
G. Samorodnitsky (2004): Extreme value theory, ergodic theory, and the

boundary between short memory and long memory for stationary stable
processes. Ann. Probab. 32:14381468.
May 12, 2022

60 / 60

G. Samorodnitsky (2005): Null ows, positive ows and the structure of

stationary symmetric stable processes. Ann. Probab. 33:17821803.
G. Samorodnitsky and M. S. Taqqu (1994): Stable non-Gaussian random

processes . Stochastic Modeling. Chapman & Hall, New York. Stochastic
models with innite variance.
S. Sarkar and P. Roy (2018): Stable random elds indexed by nitely

generated free groups. Ann. Probab. 46:2680  2714.
K. Schmidt (1977): Cocycles on ergodic transformation groups . Macmillan

Company of India, Ltd., Delhi. Macmillan Lectures in Mathematics, Vol. 1.
I. M. Singer (1955): Automorphisms of nite factors. Amer. J. Math.

77:117133.
S. Stoev and M. S. Taqqu (2005): Extremal stochastic integrals: a parallel

between maxstable processes and

α−stable

processes. Extremes 8:237266.

V. S. Sunder (1987): An invitation to von Neumann algebras . Universitext.

Springer-Verlag, New York.
D. Surgailis, J. Rosi«ski, V. Mandrekar and S. Cambanis (1993):

Stable mixed moving averages. Probab. Theory Related Fields 97:543558.
A. A. Tempel'man (1972): Ergodic theorems for general dynamical systems.

Trudy Moskov. Mat. Ob²£. 26:95132.
S. Vaes (2014): Normalizers inside amalgamated free product von Neumann

algebras. Publ. Res. Inst. Math. Sci. 50:695721.
May 12, 2022

60 / 60

V. Varadarajan (1970): Geometry of Quantum Theory , volume 2. Van

Nostrand Reinhold, New York.
Y. Wang, P. Roy and S. A. Stoev (2013): Ergodic properties of sum- and

max-stable stationary random elds via null and positive group actions.

Ann. Probab. 41:206228.
Y. Wang and S. A. Stoev (2009): On the structure and representations of

max-stable processes. Technical Report 487, Department of Statistics,
University of Michigan. arXiv:0903.3594.
Y. Wang and S. A. Stoev (2010a): On the association of sum-and

max-stable processes. Statistics & Probability Letters 80:480488.
Y. Wang and S. A. Stoev (2010b): On the structure and representations of

max-stable processes. Advances in Applied Probability 42:855877.
R. Zimmer (1984): Ergodic Theory and Semisimple Groups . Birkhäuser,

Boston.

May 12, 2022

60 / 60

