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vx E=vxE on 0f).

The End
[e]



Motivation Problem and results Existence and the Gaffney inequality Regularity The End
@000 000 000 000 o]

Maxwell’s equations in time-harmonic form

Time harmonic Maxwell’s equations in three dimensions

curl H = iweE + Je in Q,
curl E = —iwpH + Jpy in Q,
vx E=vxE on 0f).

E, H - unknown;



Motivation Problem and results Existence and the Gaffney inequality Regularity The End
€000 000 000 000 o

Maxwell’s equations in time-harmonic form

Time harmonic Maxwell’s equations in three dimensions

curl H = iweE + Je in Q,
curl E = —iwpH + Jpy in Q,
vx E=vxE on 0f).

E, H - unknown; Ey, Je, Jm - given vector fields;



Motivation Problem and results Existence and the Gaffney inequality Regularity
€000 000 000 000

Maxwell’s equations in time-harmonic form

Time harmonic Maxwell’s equations in three dimensions

curl H = iweE + Je in Q,
curl E = —iwpH + Jpy in Q,
vx E=vxE on 0f).

E, H - unknown; Ey, Je, Jm - given vector fields; €, u - 3 X 3 matrix fields.

The End
[e]



Motivation Problem and results Existence and the Gaffney inequality Regularity
€000 000 000 000

Maxwell’s equations in time-harmonic form

Time harmonic Maxwell’s equations in three dimensions

curl H = iweE + Je in Q,
curl E = —iwpH + Jpy in Q,
vx E=vxE on 0f).

E, H - unknown; Ey, Je, Jm - given vector fields; €, u - 3 X 3 matrix fields.

Eliminating H and writting as a system in E, we obtain,
curl(p™curl E) = w?eE — iwde + curl (u™ ') in Q,

div(cE) = idiv Je in Q,

vx E=vxE on 0f).

The End

[e]



Motivation Problem and results Existence and the Gaffney inequality Regularity The End
€000 000 000 000 o

Maxwell’s equations in time-harmonic form

Time harmonic Maxwell’s equations in three dimensions

curl H = iweE + Je in Q,
curl E = —iwpH + Jpy in Q,
vx E=vxE on 0f).

E, H - unknown; Ey, Je, Jm - given vector fields; €, u - 3 X 3 matrix fields.

Eliminating H and writting as a system in E, we obtain,
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Auy =1 in Q, for every /.
On half-space, v A u=0and v A du = 0 on IR implies
u=0 ifné¢l,
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Idea
Morrey's original proof

odu+déu=finQ

implies
Auy =1 in Q, for every /.

On half-space, v A u=0and v A du = 0 on IR implies

u=0 ifnégl,

on JOR'.
U _o e, *
ov

Other proof
Agmon-Douglis-Nirenberg or Lopatinskij-Shapiro condition.
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Other known results
In dimension 3, time harmonic Maxwell system, regularity results are
known, but ad hoc methods using scalar elliptic regularity.

Elliptic regularity theory

Au=div(Vu)=f — div(AVu) = f.

True also for systems with Dirichlet condition ( u = 0 on 9Q) and
prescribed conormal derivative (v - AVu = 0 on 0Q).

Beyond Hodge Laplacian?
Which is the correct generalization of Hodge Laplacian?

Clue from Maxwell
Time harmonic Maxwell system in differential form notation is

d(Adu) = ABu+f inQ,
0(Bu)=g in Q,

with prescribed tangential or normal part on the boundary.
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The Gaffney inequality

The classical Gaffney inequality reads,

IVlZ < e (ldw?z + 6wl + wliF) , for all w € Wr? N Wy?,

e Gives existence in W12 for the Hodge Laplacian.

e Can be proved by an integration by parts formula.

Combining with uniform ellipticity of A gives,
IVl < e [ (Ado )+ 100+ ol ) for o W20 W2

Gives existence when B is identity.
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[Vw|? < ¢ (/Q (Adw, dw) + ||6 (Bw)|)? + ||w|§z) , forall w € Wp?.

Idea
Enough to prove

1,2
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But this is a regularity statement for the system
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For the general case, we need

[Vw|? < ¢ (/Q (Adw, dw) + ||6 (Bw)|)? + ||w|§z) , forall w € Wp?.

Idea
Enough to prove

1,2
IVwl|lZ: < ¢ (lldwl|z + [[6 (Bw)lf + lwlf2) , for all w € Wr™.
But this is a regularity statement for the system

dw=1f inQQ,
0(Bw)=g inQ,
vAw=0 on 02,

implied by the regularity results for §(Bdu) + ddu = F with tangential
BC.
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