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Overview Differential forms and gauge freedom

Differential forms and gauge freedom

The central theme

Analysis of variational problems involving differential forms and natural differential
operators on forms and the related system of PDEs.

The key feature: Gauge invariance

Large, typically infinite dimensional, group of symmetries. Related system of PDEs
are only elliptic modulo the action of an infinite dimensional invariance group.

My work can be divided in two somewhat distinct regimes.

@ Vector-valued forms on Euclidean domains Features like an Abelian
gauge theory. The question is up to what extent classical results survive
the gauge freedom.

@ Connection and curvature forms on principal bundles This is gauge
theory proper. Geometry and topology interacts strongly with analysis.
Features typical of geometric analysis problems, e.g. Harmonic maps.
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Calculus of variations for forms  Direct methods in the calculus of variations

Functional depending on exterior derivative of a differential form

n>2 N>1 0<k<n—1 areintegers. Q2 C R" open, bounded, smooth.
Consider vector-valued k-forms u: Q — AR" @ RV,

Existence question for differential k-forms

Given f : AKFIR" @ RN — R, show the existence of a minimizer for

m := min {I(u) ::/Qf(du) U € ug+ WP (Q;AkR”®RN)} (1)

Here 1 < p < co. Typically, one assumes p-growth and p-coercivity, i.e.

a (€ —1) < f(&) < (|gP+1) for every £ € R @ RV, (2)

The gauge freedom for 1 < k< n-—1 l

As soon as k # 0, then we have /(u) = I(u + v) for any closed form v € Wol’p.
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Calculus of variations for forms  Direct methods in the calculus of variations

Convexity in the vectorial calculus of variations

The case k = 0 is studied extensively in the calculus of variations, where N =1 is
the scalar case and N > 2 is the vectorial case. (see Dacorogna’s book [4]). For
k =0, (2) implies that minimizing sequences u, satisfy ||Vu,l,, < C. So we only
need /(-) to be sequentially weakly lower semicontinuous, i.e.

I(u) < liminf /(u,) for every u, Wi,

Sequential weak lower semicontinuity of / depends on convexity properties of f. In
the vectorial case, one has notions of polyconvexity, quasiconvexity and rank
one convexity.

Existence of minimizers can be proved for quasiconvex integrands. But
quasiconvexity is harder to check. In practice, polyconvexity is most useful.

Relations of different notions of convexity

Convex = polyconvex = quasiconvex = rank one convex. In each case, converse
implication is false in general. Their interrelations have been extensively studied
(see [4]). Polyaffine < quasiaffine < rank one affine, but not necessarily affine.
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Calculus of variations for forms  Direct methods in the calculus of variations

Quasiaffine maps and weak continuity

The notion of polyconvexity is intimately related to the question
Characterization of weak continuity

Characterize all f : RVX" — R that satisfies ( assuming growth assumptions )

’

f(Vup) LN f(Vu) for all up, W u,

)

Theorem (Ball, ARMA 76/77 [1])

(3) holds if and only if, for some constant vectors cs, we have

min{n,N}

F&) = Y (e adjy(€)).

s=0

Here adj () is the vector with determinants of s X s minors of £ as components.
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Calculus of variations for forms  Calculus of variations for differential forms

The case N =1

In my PhD work, | started investigating, partly in collaboration with my advisor
Bernard Dacorogna (EPFL) and Saugata Bandyopadhyay (IISER Kolkata),
whether one can have a framework for direct methods in the cases with

1< k<n-—1aswell

N =1 case: Bandyopadhyay-Dacorogna-S., JEMS, 2016 [2]

@ Developed the framework for the case N = 1 and showed one can have an
analogous, parallel but distinct theory in this case as well.

@ Introduced the notion of ext. polyconvexity, ext. quasiconvexity and ext.
one convexity and provided a near complete study of their interrelations.

@ Established the existence of minimizers for ext. quasiconvex integrands.

Swarnendu Sil (ETHZ) Gauge freedom and differential forms May 2020, 11Sc 7/23



Calculus of variations for forms  Calculus of variations for differential forms

The general case N > 1

Existence results were established for N > 1 case in S., Adv. Calc. Var, 2019 [8],
by introducing the notions of vectorial ext. polyconvexity, vectorial ext.
quasiconvexity and vectorial ext. one convexity. It also showed the following

Theorem (S., Adv. Calc. Var, 2019 [8])
f: NFIR" @ RN — R satisfies (assuming growth assumptions ),
’ i
f(du,) EN f(du) for all u, " u, if and only if f is of the form
=3 (caé

0<|a<n

. .. N

where o = (o, ..., an) is a multiindex, |o| =) ._; &, coS are constant forms
0 ay

and £* =& A ... NEy" are wedge products of wedge powers.

This gives a new proof of Ball's theorem and in a sense also explains why
adjugates appear there.
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Calculus of variations for forms Gauge fixing trick

Gauge fixing trick for existence

For a minimizing sequence uj,, (2) implies only ||du,||,, < C, but not

|[Vun|» < C. The trick is use gauge fixing. For each n_7 we solve,

dv, =du, in £,
d*v, =0 in Q,

thaVa =0 on 09Q.

(4)

1,
This would imply, |[va|l\y1, < C|ldup||,, < C and thus v, W V. Now we solve

du=dv in £, (5)
u=20 on O0f2.

Thus, by sequential weak lower semicontinuity, we have,

m < 1(u) € 1(v) < liminf 1(vs) € liminf 1(u,) = m.
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Regularity for ili systems Ink ili systems

Quasilinear systems

Quasilinear systems for forms

Consider the following system for a vector-valued form v : Q — AKR” @ RV,

d* (a(x) |dulP2 du) —f  inQ. (6)

Can we derive regularity estimates for du in terms of 7

@ For1 < k < n—1, for any solution v and any closed form v, u+ v is also a
solution. Also, d*f = 0 is a necessary condition for the existence of a
solution.

@ If f =0 and a is a constant function, then a fundamental estimate due to
Uhlenbeck [12] tells us that u is locally C1* for some 0 < a < 1.

@ For nonzero f, known results are only for k = 0, which have been studied
extensively. For a =1, the case k = 0, N = 1 is the p-Laplacian equation and
k=0,N > 2 is the p-Laplacian system.
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Regularity for quasilinear systems A sample result: a nonlinear Stein theorem

A nonlinear Stein theorem

Stein [11] established the borderline case of Sobolev embedding

Vue Lf:él) = u is continuous.

Combined with Calderon-Zygmund estimates for the Laplacian in Lorentz spaces,
we get
Au e L™ = Vu is continuous.

loc

The following is a nonlinear version for forms.

Theorem (S., Calc. Var. PDE 2019 [9])
If a: Q — [, L] is Dini continuous with 0 < v < L < oo and
f el (2; AKR" @ RN) | then du is continuous in Q for any u solving (6).

loc

The case k = 0, where there is no gauge freedom, was proved in Kuusi-Mingione
2014 [5].

Swarnendu Sil (ETHZ) Gauge freedom and differential forms May 2020, 11Sc 11/23



Regularity for quasilinear systems ~ Tricks to deal with gauge freedom

New ingredients

The following new Poincaré-Sobolev type inequality is crucial.

Proposition (S., Calc. Var. PDE 2019 [9])

For any 1 < p < n, there is a constant ¢ > 0 such that any
ue wte (BR; ANR" ® RN) with d*u =0 in Bg and v, u =0 on 0Bgr, we have

lul

L1775 (Bg) < clldull o) -

For obtaining comparison estimates, one needs to use systems like

d* (a(x) |dw|P~2 dw) ~0 in Br(xo)
d*w =d*u in Br(xo)
LBBR(XO)W = LEBR(XO)U on 9Bgr(xp).

One also needs to work with the gauge fixed system
d* (3(X) |dulP du) =f andd*u=0 in Q.
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Gaffney constant Characterizing domains with the best Gaffney constant

The constant in Gaffney inequality

The effectiveness of Coulomb gauges is due to the following important inequality.
Gaffney inequality
Q C R open, bdd, smooth; u € W2 (Q; A*R") with ¢}ou = 0 on 9, then

IVullz < Cax(lldullz + lld*ull 2 + [lull2) -

We can show that Cox > 1 forany Qandany 1 <k <n—1. (Coo=1= Cq,n).
Also, we can characterize the constant by

e e IVl |
T LeWR(@ARRn)\ {0} (Ildull 2 + [ld*ul[ ;2 + [lull =)

()

Characterizing the best cases
@ Can we characterize all smooth domains  with Cq x = 17
@ Is the supremum in (7) attained?
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Gaffney constant Characterizing domains with the best Gaffney constant

Domains with the best Gaffney constant

It was known from Mitrea [6] that Q is (n — k)-convex = Cq x = 1.
In collaboration with Gyula Csaté (Universitat de Barcelona) and Bernard
Dacorogna (EPFL), | was able to answer this question completely.
Theorem (Csato-Dacorogna-S, JFA 2018 [3])
The following are equivalent.
(i) Cor=1.
(ii) Q is (n — k)-convex.
(iii) The supremum in (7) is not attained.
(iv) For all u € W2 (Q; AKR"™) with thqu = 0 on OS2, we have

IVull 2 < lldull 2 + lld"ull 2 -

(v) Cqk is scale-invariant, i.e. for any t > 0, we have Ciq x = Ca k-

Note that (iv) implies HS gy, (2) = {0}, a vanishing theorem.
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Gauge theory: Critical dimension Local Coulomb gauges

Gauge theory in the critical dimension

Local picture

A€ W2 (B* N'R* ® su(2)) be a connection form on B* x SU(2), the trivial
SU(2) principal bundle over the unit ball B* C R*.
The curvature is

Fa=dA+ANAE€ (B NR* ®su(2)).
Given a gauge p : B* — SU(2), the connection in this new gauge is
AP = p~tdp+ ptAp.

The curvature becomes
Far = p~*Fap.

So we have YM(A) = YM(AP), where YM(-) is the Yang-Mills energy,

YM(A) := /34|FA|2 = _/54 Tr (Fa A %Fa).
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Gauge theory: Critical dimension Local Coulomb gauges

Gauge fixing

Coulomb gauges

The curvature Fa has a term containing dA, so one can try to obtain d*A = 0.
Even if d*A =0, it is still not clear if W2 norm of A can be controlled by the L2
norm of F, due to the nonlinear term A A A.

Theorem (Uhlenbeck, Comm. Math. Phys., 1982 [13])

There exists an absolute constant sy, > 0 such that if

/ |Fal® < eum,
B4

then there exists a Coulomb gauge p € W*?2 (B* SU(2)) such that

d*A? =0 in B* ( Coulomb condition ) | thgs (*A?) = 0 on OB*,

/ |VAP|2+/ A0t < c/ Fal?.
B4 B4 B4
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Gauge theory: Critical dimension Coulomb bundles

Gauge theory on S*

Ae W2 (S% AL T*S* ® su(2)) is a connection form on S* x SU(2).
Pick a cover U;U; = S* such that

/ |Fal® < eun for each i.
Ui

Then for each i, we obtain maps p; € W22 (U;; SU(2)), which is a local Coulomb
gauge for A; := Aly,, i.e.
dLA” =0 in U

The maps
gj = p; 'pj € WP (U; N U;SU(2))
define a W22 bundle P over S* and the local connection forms
B := A € Wh2 (Ui, ' T*U; @ su(2))

defines a W2 connection form on P which is Coulomb.
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Gauge theory: Critical dimension Regularity of Coulomb bundles

Regularity of Coulomb bundles

Since W22 /5 C? in dimension 4, P is not a priori a C° bundle. But Riviere [7]
showed in 2002 that bundles admitting a W2 Coulomb connection are C°
bundles, using improved Sobolev embedding into Lorentz spaces.

Recently, | managed to show a stronger regularity result via a different method.
Theorem (S., Preprint, 2019 [10])

If A is an W12 connection on a W22 principal SU(2)-bundle P over S* such that
A is Coulomb, then P is a W?P N C%* bundle, for any 0 < a < 1 and any p < 4.

The regularity result strongly uses that the connection is Coulomb. For a W??
bundles P over S* with a general W12 connection A on it, one can ask
Smooth approximation and topological isomorphism class

@ Can we find smooth (P¥, A¥) — (P, A) in the respective strong topologies?

@ Can we associate, in a meaningful and useful way, a topological
isomorphism class to (P, A)?
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Gauge theory: Critical dimension Approximation and topology for Sobolev bundles with connections

Approximation and topology for W??2 bundles with W12 connections

Theorem (S., Preprint, 2019 [10])

Given any W22 principal SU(2)-bundle P over S* and a W2 connection A on P,

there exists a sequence of smooth principal SU(2)-bundles P” with smooth
. w22 .
connections A” on P¥ such that P¥ ~,. P and locally, g} — g; in W*? and

AY — (p¥)" A — 0 in WL2 where 8jj, gij are the respective transition functions.

Such a pair (P, A) can also be assigned a topological isomorphism class.

Theorem (S., Preprint, 2019 [10])

Given any W??2 principal _SU(2)—bundle P over S* and a W2 connection A on P,

there exists a C° bundle P, unique up to topological isomorphism, such that
w22 o . . . .
P "~ P. This assignment is stable under W?2 gauge transformations of (P, A).

This assignment is for the pair (P, A), not the bundle P alone. Two topologically
distinct bundle can be gauge related via W?? gauges.
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Thank you
Questions?
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