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Theorem 1 (Vanishing normal part on the boundary) Let Q C R? be
open, bounded, smooth and simply connected. Let n denote the exterior unit
normal to 0. Then for any u € L? (Q;R3) such that curlu € L? (Q;R3),
divu € L2 (Q) and fv-u =0 on 99, then u € W2 (Q;R3) with the estimate

IVull}s < e (Jleurlul?, + divel. ).

Proof We divide the proof in three steps.

Step 1 We choose a ball B large enough such that € CC Br. We first find
¢ € WH2(Bgr \ Q) such that,

A¢ =0 in BR \ﬁ,

o9 .

o = n - curly on 012, (1)
a? =0 on 8BR.

on

Note that the Neumann problem (1) is solvable since

/ fi - curlu = / div (curlu) = 0.
o0 Q
Then, we define xy € L?(R?;R?) as,

curl u in €,
x=1q Vo in Br\ Q,
0 if x € R®\ Bg.

This implies,
divy =0 in R3.
Indeed, for any 6 € C2°(R3), we have,

/RS<X,V9> /Q<cur1u,V0>+/BR\Q<v¢,v9>
:/aﬂ(ﬁ-curlu)ﬁ— aﬂ(ﬁ.v¢)9+/ (- V)8

OBR

I
e



Now we find ¢ € W22 (R3;R?) such that
Ay =x in R3. (2)
Now divy = 0 in R3 implies dive = 0 in R3. Indeed, we have , in R?,
A(div ) = div (V(div¢)) = div[(curl curl +V div)y] = div(Ay) = divx = 0.
Since divy € L?(R?), this implies divt = 0 in R3. We also have the estimate,

9] w22 < cllcurlul| 2.

Step 2 Now we find & € W22(R3) such that

A€ =divu in €,

3
8? = —n - curly on 092, ®)
on

Note that the Neumann problem (3) is solvable since

/divu:/ ﬁ'u:():—/div(curhﬁ):—/ n - curl .
Q 19) Q 19)

We also have the estimate,

Il < e (lldivulze + llowl v g o 0, ) -
Step 8 Now we define
h =u — curly — VE.
We obtain,
curl h = curlu — curlcurly = curlu — Ay =0 in Q,
divh =dive —divVé =divu — A =0 in Q,
ﬁ-hzﬁ-(u—curl¢—V§)z—fz-curli//—22=O on 9f.

Thus, A is a harmonic field with vanishing normal part on the boundary. Since
Q is simply connected, h = 0 and thus

u = curly + VE in Q.
Thus, we obtain,
IVullzz < e (IV(curl )72 + [V(VEIT2) < e ([llFr2e + [1€]22)
<c <||curlu|&2 + ||diqu%2) .

This concludes the proof. m



