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Theorem 1 (Vanishing normal part on the boundary) Let Ω ⊂ R3 be
open, bounded, smooth and simply connected. Let n̂ denote the exterior unit
normal to ∂Ω. Then for any u ∈ L2

(
Ω;R3

)
such that curlu ∈ L2

(
Ω;R3

)
,

div u ∈ L2 (Ω) and n̂ · u = 0 on ∂Ω, then u ∈W 1,2
(
Ω;R3

)
with the estimate

‖∇u‖2L2 ≤ c
(
‖curlu‖2L2 + ‖div u‖2L2

)
.

Proof We divide the proof in three steps.

Step 1 We choose a ball BR large enough such that Ω ⊂⊂ BR. We first find
φ ∈W 1,2(BR \ Ω) such that,

∆φ = 0 in BR \ Ω,

∂φ

∂n̂
= n̂ · curlu on ∂Ω,

∂φ

∂n̂
= 0 on ∂BR.

(1)

Note that the Neumann problem (1) is solvable since∫
∂Ω

n̂ · curlu =

∫
Ω

div (curlu) = 0.

Then, we define χ ∈ L2(R3;R3) as,

χ =


curlu in Ω,

∇φ in BR \ Ω,

0 if x ∈ R3 \BR.

This implies,
divχ = 0 in R3.

Indeed, for any θ ∈ C∞
c (R3), we have,∫

R3

〈χ,∇θ〉 =

∫
Ω

〈curlu,∇θ〉+

∫
BR\Ω

〈∇φ,∇θ〉

=

∫
∂Ω

(n̂ · curlu)θ −
∫
∂Ω

(n̂ · ∇φ)θ +

∫
∂BR

(n̂ · ∇φ)θ = 0.
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Now we find ψ ∈W 2,2(R3;R3) such that

∆ψ = χ in R3. (2)

Now divχ = 0 in R3 implies divψ = 0 in R3. Indeed, we have , in R3,

∆(divψ) = div (∇(divψ)) = div[(curl curl +∇ div)ψ] = div(∆ψ) = divχ = 0.

Since divψ ∈ L2(R3), this implies divψ = 0 in R3. We also have the estimate,

‖ψ‖W 2,2 ≤ c‖curlu‖L2 .

Step 2 Now we find ξ ∈W 2,2(R3) such that
∆ξ = div u in Ω,

∂ξ

∂n̂
= −n̂ · curlψ on ∂Ω,

(3)

Note that the Neumann problem (3) is solvable since∫
Ω

div u =

∫
∂Ω

n̂ · u = 0 = −
∫

Ω

div (curlψ) = −
∫
∂Ω

n̂ · curlψ.

We also have the estimate,

‖ξ‖W 2,2 ≤ c
(
‖div u‖L2 + ‖curlψ‖

W
3
2
,2(∂Ω)

)
.

Step 3 Now we define

h = u− curlψ −∇ξ.

We obtain,

curlh = curlu− curl curlψ = curlu−∆ψ = 0 in Ω,

div h = div u− div∇ξ = div u−∆ξ = 0 in Ω,

n̂ · h = n̂ · (u− curlψ −∇ξ) = −n̂ · curlψ − ∂ξ

∂n̂
= 0 on ∂Ω.

Thus, h is a harmonic field with vanishing normal part on the boundary. Since
Ω is simply connected, h = 0 and thus

u = curlψ +∇ξ in Ω.

Thus, we obtain,

‖∇u‖2L2 ≤ c
(
‖∇(curlψ)‖2L2 + ‖∇(∇ξ)‖2L2

)
≤ c

(
‖ψ‖2W 2,2 + ‖ξ‖2W 2,2

)
≤ c

(
‖curlu‖2L2 + ‖div u‖2L2

)
.

This concludes the proof.

2


